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PREFACE. 



This book contains the substance of my lectures upon Trussed 
Bridges and Roofs as given to the senior class in civil engineer- 
ing in the University of Michigan, They were mostly delivered 
extempore, but in preparing them for publication I have fol- 
lowed the same order and treated of the same subjects as were 
given to the class, excepting that in the lectures thri problems 
pertaining to " Minimum Material " were omitted. 

The lectures wer^ intended to give to the student a correct 
knowledge of the elements of the subject. There was but a 
slight attempt to treat of the details of the several trusses which 
were considered. Indeed it is generally unprofitable to treat 
of isolated details in the class-room. As a general rule, only 
such subjects should be taught in' technical courses as admit of 
classified principles. The conditions which determine all the 
qualities of a " detail " are so infinitely varied that only general 
rules can be given for their construction. I am aware, how 
ever, that much more can profitably be done in this direction 
than has been here attempted. 

During the lectures I often suggested problems as exercises 
for the students. Some of these I have entered in the body €f 



X PBEFAOB. 

the work, and I have with pleasure given credit to those stu- 
dents who first solved them. 

I have not been able to prepare in time for this book the lea 
tures upon Tubular and Suspension Bridges and Arches. 

De V. W. 

flOBOXSH, N. Jn •^w»* IK* l^HL 
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part 1- 



FOEMULAS PEETAimNG TO STEAINS ON SINGLE 

PIECES. 

1 . — INTRODUCTORY REMARK. — ^In proportioning bridges 
and roofs, and other similar mechanical structures, we generally 
assume, at first, that the several parts are reduced to physical 
rigid lines, and the several stresses to which they are to be sub- 
jected are determined on statical principles, without regard to 
the sizes of the pieces which are to be used. After the stresses 
have been determined, the several pieces are proportioned to 
resist those stresses. The size of each piece may thus be deter- 
mined separately, without any reference to the size or position 
of the other pieces which compose the structure. We may 
therefore determine the formulas which are applicable to single 
pieces when they are subjected to different strains, without 
regard to the ofiice which they are to perform in a given struc- 
ture. This has been done for several of the more simple cases 
in the. author's JSesistance of Materials. 

Several of the formulas which are applicable to these cases 

are here brought together for convenience in use; for 4;ie 

proof of which the reader is referred to the author's work 

above mentioned. Some other cases are also added with their 

accompanying demonstrations. , 

1 
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3, — mwrATMon^ — ^The following notation is used, which it 
here amuiged alphabeticaU j. 

A = the area of a traasyene aecticm of a piece. 
b = the breadth of a Teetangnlar piece. 
O = the modulus ofresigtance to cmfihing. 
d = the depth of a rectangohu* piece. 
i = the weight of a cubic inch of volume. 
2l ^ the mATimnnn deflection of a piece which is bent. 
4/, = the distance of the most remote fibre from the neu- 
tral axis in a bent piece. 
D = the external diameter of a cylinder. 
D. -=, the internal diameter of a hollow cylinder. 
E = the coefficient ofdasticity for a longitudinal stress. 
E^ = the coefficient of elasticity for transverse shearing 
stress, the approximate value of which is = ^ ^. 
Iz=z the moment of inertia of asection. 
I = the length of a beam, column, or other simple pieces. 
M = the maximum moment of applied forces. 
M^ = the general moment of applied forces. 
P = the load applied at a single point of a beam or other 

piece. 
r = the radius of a circle, and when it is external, let 
Tj = the radius of the internal circle. 
S -=■ the modul/us of rupture in a bent beam. 
8 = the modulus of rupture for transverse shearing stress. 
Sg = the total transverse shearing stress. 
T = the modulus of tenacity. 

w = the load per unit of length when it is uniformly dis- 
tributed. 
W = the total load on a beam. 
X = the variable abscissa. 

y = an ordinate perpendicular to the axis of the piece. 
For values of the m^vli and coefficients, see Appendix. 

3« — CA8B OF A MOMIZOfTTAI. BBAH HTKICH IS FIXBO AT 
OVTB BmrBKHITT AMD MAS A ITBIGHT, P, RBSTTING UPON 
TBW FRKBBXTBEHITTj aS in Fig. 1. 

The general moment of P is 

P 
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Fig. 1. 

The maximum moment of P is 

PI. 
The general value of the transverse shearing stress id * 

S. = P. 
The dimensions of the beam to resist rupture may be found 
bom the formula 

PI = J and if the beam is rec- 

tangidar we have 

Pl = \Bhd^ (1) 

If the beam is rectajigular the maximum deflection is 



J£M ■ E^bd 

When the beam is long compared with the depth, we have 
with sufScient accuracy 

J = 4 ^^ .-..(2) 

Example. — A beam whose len^tih is 12 feet is fixed at one end, free at the 
other, 5 = 4 inches, d = 12 inches, JS = 1,000,000 pounds. Required the 
weight at the free end which wiU deflect it two inches, f 

4. — SUPPOSE THAT THE BEAM IS FIXED HOBIZONTAIiL Y 
AT ONE ENB, IS FREE AT THE OTHER, AND HAS A liOAD 
UNIFOBHI^ir DISTRIBUTED OVER ITS WHOI^E LENCHTH. — 

The beam may be fixed as shown in Figs. 2 and 3. 
The gene Jxnoment of the load is ^ 

* The general value of the transverse shearing stress is the first differential 
coefficient of the general moment of applied forces in reference to x. 

f When used as a text-book the student should be required to solve the ex- 
amples. The answers are purposely omitted. 
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Fig. 2. 



FlO. 3. 



The maximum moment of tlie load is 

The ^neral value of the transverse shearing stress is 

89 = wx. 

The maximum shearing Btreas ia 

8, = wl= W. 

The dimensions of lihe beam to resist rapture from transvene 
strain may "be found from the formula 



iwi = 



RI 



and if the beam is rectangular we have 

\Wl = \S:hd* 



(3) 



^ If the beam is prismatic and rectangular, the maximum 
.deflection is 



EbcP^2EJ>d' 



« 



and if the beam is long compared with the depth, we have 
with sufficient accuracy 



J = | 



Ebd* 



.(*) 



ExAiOPLB.— If E = 1,200,000 pounds, E9 = 400,000 ponnds, b = 8 inohes, 
(2 = 6 inches, ^ = 5 feet, and the load 20,000 pounds uniformly distributed oyer 
the whole length, requited the tnaTimmn deflection. Also the value of ^ in 
Eq. (8.) 
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ff, — I.BT TKB BEAM BB XIORIZONTAIi, SUPPORTED AT 
ITS BNDS ANB A IFBIGBIT APPIiIBB AT ANT POINT. FigS. 4 

and 5 represent the case. 




Fio. 4. 




Fig. 5. 



Let c = AD, the distance of P from A, then the general 
moment of P between A and 2? is 

l^Px. ..(5) 



and between D and J? it is 

l—x 



Pc 



I 



(«) ' 



The maximum moment of the load is at D, and is 

l-c 



I 



cP. 



■it) 



The general value of the transverse shearing stress between 
A and J9is 



l-c 



I 



P> 



and between D and ^ it is 



I ' 



If the .beam is rectangular, its dimensions to resist rapture 
may be detenruned from the formula 

V 

The deflection of the beam at 2> is (omitting the shearing 
resistance) 



ZEIl 



»=v/ 
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If c ezcoedB ^ l^ the maximnm deflection will be between A 
and D; but if it is less it will be between D and B. In all 
cases c may be taken on the end which exceeds il. If it is so 
taken, the point of maximnm deflection is 

8 (i-c) • 
This yalne, substituted in the following expression : 

will give the maximum deflection. 

The expression thus becomes very complicated. The more, 
common case is that in which the load is at the middle of the 
beam. 

6* — I'ET TBB BBAM BE HOBIZONTAL, 8UPPOBTBB AX 

ITS ENBs, AND SUSTAIN A i<oAii, jP, placed at the middle. 
The general moment of P is 

\Px (8) 

The maximum moment is at the middle of the beam, and is 

iPl (9) 

The general value of the transverse shearing stress is 

\P (10) 

If the beam is prismatic and rectangular, we have for the 
dangerous section 

\Pl = \Rhd^ (11) 

The maximum deflection of the beam is at the centre, and is 

^ = 4827+ii;i ^^^^ 

which becomes for rectangular beams 

^ = 11*^ + 1^ ^^^^ 

and, by omitting the last term, becomes 
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BxAMPLEa 1. — ^A beam whose length is 15 feet, is supported at its ends, 
and is to sustain a weight, P = 3,000 pounds, placed at the middle. Required 
the breadth and depth, so that d shall be 46, and B = 1,000 pounds. 

2.— If I = 12 feet, b = 1 inch, (J = 4 inches,- E = 27,000,000 pounds, 
E, = ^ E^ how much load placed at the middle will be required to deflect the 
beam ^ of an inch ? 

7. — liKT THB BEAM BB SOBiaSONTAI. AND SUPPORTED 
AT OB NEAR ITS BXTREllIITIESy AND HAVE A I.OAD I7N1* 
PORRIIiT DISTRIBUTED OVER ITS WHOIiE I^BNGTH. 



I ! 




V 



C 

Fig. 6. 



The general moment of the load is 

iw{lx-^x') (15) 

The maximum moment is at the middle of the beam, and is 

iwP=:i Wl (16) 

The general value of the transveree shearing stress is 

i wl—v)x (17) 

The maximum shearing stress is at the ends, and may be 
found by making aj = Ooraj = Zin the preceding expression ; 
hence its value is 

i wl or -i wl = +i TT. . ..(18) 

If the beam is prismatic and rectangular, we have for the 
dangerous section 

iWl==:^Iibd' (19) 

The maximum deflection is 

j^J_wP wV 

which for rectangalar beams becomes 

32 Ehd^ ^ SEM ^ ' 

and by omitting the last term becomes 

32 J^ ^^^> 
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ExAMFiiB. — ^If a beam whose length, 7 = 10 feet, depth, d = B inohes, 
breadth, b = i inch, coefficient of ehistioity, E = 25,000,000 ponnds, is gap- 
ported at its ends and uniformly loaded ; required the deflection when the 
greatest strain on the fibres is 12,000 pounds x>er square inch. Use equations 
(19) and (22). 



8* — I4ET THB BBAM BB HOBIZONTAIi, FIXRD AT ONB 
BXTBBmiTr, SIJPPOBTBD AT THB OTHBB9 ANB HAVB A 

WBIGHT, Py APPI4IBB AT ANT POINT. Figs. 7, 8, and 9. 





Fig. 7 



Fio. 8. 




Fig. 9. 



To produce the greatest strain, P must be placed at a dis- 
tance of 0.634: of the length of the beam from A; or AD 
= 0.634 Z. For this case the general moment of the load on 
I)B is 

-0.475 (Z-aj)P, 

and for the part jO ^ it is 

(0.159 Z - 0.525 a) P. 

The maximum moment of stress is 

0.174 PZ. 

The general value of the transverse shearing stress is 

S9 = 0.475 P for BB, and 
= 0.525 P for DA. 
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For prismatic rectangular beams we have for the^dangerous 
section 

0.174 Fl = \RU' (23) 

The maximum deflection (omitting shearing resistance) is at 
0.6045 I from A^ and is 

A = 0.00957 i^ (24) 

For rectangular beams, / = -^id*. 
For cylindrical beams, / = J tt r*. 



9. — liBT TXIB BBAM Bfi HORIZONTAI., FIXED AT ONB 
BNB, SUPPOBTBB AT TBEB OTKER, AND UNIFOBIIIIiY I<OAD- 
feD OVBB ITS ITHOIiB liBNGTBE. 




Fig. 11. 



The general moment of stress is 

M^ = i w?a? (4aj— 3Z) (25) 

The maximum moment of stress is 

M=iWl (26) 

The general value of the transverse shearing stress is 

Sg = wx — f wl. 
The maximum shearing stress is at \5, and equals 

For the dangerous section, for prismatic rectangular beams 
we have 

iWl^iBbd' (27) 

The maximum deflection is 

^ = Tk^ (28) 

Questions. — ^How does the maximum deflection in tlds case compare with 
that in Article 7 for the same load ? In which case is the beam most liable to 
break ? In which case is the shearing stress greater at the middle ? 



10 
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lO.— I-WT 
BlflMI, ANB A 
POINT, 



THB BBAM BB 



HOBiaEomrAL, 

WWW UPON IT AT 



AT BOTH 
mUlBLII 




Fig. 13. 

' The general moment of stress is 

J4 = i P {l-ix). 

The maximum moment is at Aj or Bj or D, being the same 
for each point, and is 

M=±^Pl (29) 

The general value of the shearing stress is 

8s = \P. 
The dangerons section for prismatic beams is at A, or Bj oi 
Dj and for rectangular sections, we have 

^Pl = \BM* (30) 

The maximum deflection is (omitting shearing stress) 

— ^^ (31) 

192^/ ^ ^ 

1 1. — I.Kr THB BBABI BB HOBIZONTAI., FIXBB AT Bf'VH 
BHIM, ANB A I.OAB VRIFOBni<Y BISTBIBUTBB OTBB t&S 
XmOVa IiBNGTH. 




^^a» 



—^^^^ 



m 



Fio. 13. 



The general moment of stress is 



W 



^'= ^ [?-6« (?-«)]... .(32) 
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The maximum moments are 

Jf = ^TTZ, which is for ^ and 5 (33) 

M = ^ Wly which is for the middle of tlie beam. 

The general value of t^e transverse shearing stress is 

Sf = i wl—wx. 

The maximum value of the transverse shearing stress, which 
is at the ends, is 

At the dangerous section for prismatic rectangular beams, 
we have 

^Wl^\Rhd^ (34) 

The maximum deflection is (omitting shearing stress) 

^ = ^^ (35) 

13. — INCRBA8ING I<OAD.— I.ET THB BEAM BB BIOBIZON- 

TAL, SVPPOBTBB AT ITS BFTD, AND liOABBB UNIFOBjniiY 
OVBR ITS HTHOLB LBNGTBE, AND AJLSO AN ADDITION AI< I<OAD 
^WHICH BEOINS DTITH NOTHING AT ONB BND AND IN- 

CABA8B8 UNIFOBSIIiY TO THB OTHB», aS iu Fig. 14. The 

V 




Fio. 14. 

space between the lower convex line and the horizontal one 
just above it, is the form of the beam of uniform strength for 
this case. 
Let W = the total weight of the uniform load, 

TT, = the total weight of the uniformly increasing load, 
and the other notation as before. 
The general moment of stress is 

Jf. = (iTr+iF;)a.-^'-.^ 

The maximum moment of stress is at the point 
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which valae, Bubfititxited in the preceding equation, gives the 
maximnm moment. The caee becomes much simplified by 
iieglectmg the uniform load. Letting TT = 0, and t^e general 
moment becomes 

and the abscissa of the point of maximnm stress becomes x = 
i \/ Slj which in the preceding equation gives the maximum 
moment, 

The general expression for the transverse shearing stress, for 
the general case, is 

The point of maximum shearing stress is for a; = 2, and its 
value is 

13. — PARTIAIi LOAD. I<BT THE BBAM BE HORIZOIITAI., 
SUPPORTED AT ITS ENDS, AND A UNIFORM I4OAD OVER A 
PORTION OF ITS I^ENGTH. Fig. 15. 



Let 2 a = D S = the length of the uniform load ; 

X = A F= the distance to any section from A ; 

C the centre of the load ; 

l^ =z A O; and 

l, = £ C. 
There are three cases, as follows : 
The general moment between A and D is 

JIfx = Vx or 2 wa -J X, 

in which x must not exceed AD. 



=^ 
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Jf = 



(36) 



The general moment of stress under the load is 

The maximum moment of stress is 

The general moment of stress between JB and ^is 

M, = - r, (i-x), 

in which x must equal or exceed the horizontal distance AS. 
The shearing stress from -4. to -^ is 

s.= r. 

The shearing stress under the load, from D to JE^is 

S,= r—w{x-l,-{-a) (37) 

The shearing stress from jF to ^ is 






Pboblbms. — ^Find the Talue of M Eq. (36) when li=. a, and discuss it in 
reference to h. Find the valne of the shearing stress for the same case, and 
show at what point it is a maximum. Find where the shearing stress is zero. 
Discuss the case when li =z It. 



14. — A GENERAL CASE.— A HORIZONTAL RE Am IS LOAD* 
ED AT ANT NU.HRER OF POINTS. 



Fio. 16. 

Let the notation be as in the figure. 



rt 




Then F= ?^ and F.^/^^'* 



I 



I 
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The general moment of stresB is 

Fa;-i',(«-nJ-P,(a-n,), &c (38) 

to include all the terms of P's in which x is leaa than the n 
with which it is joined in forming the moment 
The shearing Etress is 

S.= V~P,-P,-P„-&e (39) 

including all the loads between A and the section which is 
considered. 



IS. — OBLiaiTE STBAINH.— BBAIHS FIXED AT ORE END AHD 
A BTRES8 APPLIED AT TKE FBBE ENS. 




Let X be connted from the free end. Hien the moment of 
transverse stress in both cases is 

P,IB. 

The maximam moment is at the fixed ecd, and is 
P,l. 

In Fig. 18 the stress P, = P eos tends directly to compress 

the piece, and in Fig. 17 P, tends to elongate it. If the beam 

is rectangular, and breadth 5 and depth d, the stress on a nnit 

. P 
of section (square inch) in either case is j-j, and this value must 

be deducted from the modulus of rupture in determining the 
stivngth of the piece. Hence we have for rectangular pris- 
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matic beams, at the dangerous section, in either case (see 
JSesistance of Materials, Article 135) : 



\z = i( 



n 



-^\ 



hdJ 



her, 



Pdne.l = \ {li- 



pase 

bd 



) 



icP 



Examples. — 1. A prismatic beam whose lengfth is 10 feet, is inclined at an 
angle of 30 degrees to the vertical, and is to sustain a weight of 1,000 pounds ; 
the modulus of rupture (JR) is 10,000 pounds, the breadth is 8 inches; required 
the depth for a coefficent of safety of ^, 

2. For the same length, weight, modulus of rupture, and coefficient of safety 
as in the preceding example ; required the dimensions when the beam is 
square. 



16. — ^INCLINBD BEAin.— I4BT THE BEAlfl BB INOMNEB TO 
THE HORIZONTAIi, AND A DFEIGHT, Pj BEST VPON IT 



AT ANY POINT. 




Fig. 19. 



Xiet I = AC = the horizontal distance between the centres 
•jf the ])earings ; and the other notation as in Figure 19. 
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We thon have 



F + F. = P, and 



by moments we have 



:. F= ^P;al80 

V 

By resolving the applied force and reactions, we have 

c 

L = Y sini-=i -LPsin i. 

c 
J\^ = V^oosi = ^ P cos i. 

Zj = Fj mt i = Ji P sin i. 

N^=- P cosL 

L^'=- P am L 

In this case there is no thrust on A tending to push it over, 
or similar pull on B ; but the whole stress on A and B is 
vertical. But the strain due to the stress F, is oblique to the 
axis of the beam, and it may be resolved into two com- 
ponents, one of which is normal to (JTj) and tlie other parallel 
to (ZJ the axis of the beam. The same is true of P and F. 
The original strains are therefore oblique to the axis of the 
beam throughout the whole length. The reaction F, has a 
component, Z„ which jmZfo on the piece ; and similarly Z, one 
of the components of F, pushes on the piece. The sum of 
these efforts equals the longitudinal component Z, of the 
weight P. 

/. L^'=- L •\' Z„ 

or, P sin i z=i Y sin i + Y^ sin i. 

In a similar way we have 
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Each part of the beam or rafter A E and B E^ is now 
under substantially the same condition as those in the pre- 
ceding problem. The dangerous section for prismatic beams 
will be at E^ directly under the weight P. Hence we have for 
the moments of stress and strain, for rectangular sections at the 
dangerous section, 

or, -j-Pcosi X — ^. = i(ji — j-j)bd' 

' I cost ^ \ od/ 

Similarly, we may find the strain by considering the reaction 
Fj, thus : 

I oo8^ ^ \ oaf 



Ik 



^ = i(^-&*^ (*1) 



There is an apparent discrepancy in these results, the 
quantities within the parenthesis being different except when 
Z = Zj. This may be explained by considering that if the 
weight P is divided in the ratio of Y to F„ and the two 
weights removed an infinitely short distance from each other, 
as in Fig. 20; then will the two longitudinal components of Y^ 
balance each other, being equal and opposite. The same is true 
of F. Hence, within the infinitely short space between a and 
ft, there will be no longitudinal strain ; and hence in this case 
we shall have for this section 



I 

and which may be considered true for an ideciL transverse sec- 
tion through the centre of action of P, Fig. 19. Buit this is an 
2 
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ideal case. In Fig. 20, the strain immediately at the left of a 
is given by equation (40) and that at the right by equation (41). 
lleoce in any practical case we should use eqoatioB (41), if X 
exceeds X, ; and equation (40) if the reveree be true. 



This may be stiU further illustrated by snppoeing tbat the 
beam is horizontal, and acted npon by the resolved forces of 
Fig. 19. Sappoee in Fig. 21 that there ie a pin at .^ to resist 



B 



Via. 31. 



the strains which in Fig. 19 were induced by P. Then the 
force Z, pulls along £JB and finally against the pin K Simi- 
larly, the force L pushes along AX, and finally is resisted by the 
pin. Hence, at the left-hand side of the pin, X", the pressure is 
X, = X + X, ; bat just at the right of that point the pi-essurs 
is X, as before stated. 
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17. — A LOADBD BRACB.— LET A BEARI OR BRACE REST 
AGAINST AN ABdTJItENT AT ITS liODTER END, ANB AGAINST 
A VERTICAL HITAiiL AT THE UPPER END, AND SUPPORT A 
IITEIUIIT, P, AT ANY POINT. 

Figure 22 represents the case ; for it ^ 
makes no difference at the upper end 
whether it rests against a vertical wall, i 

or post, or other vertical surface; or 
has a horizontal force applied there ^ 

which is sufficient to keep it in the *" Ip 

same position as a vertical surface. pj^ 32. 

Let AB = the length of the brace (or rafter) ; 
D = AJE = the rise ; 

I = EB = the run, or horizontal projection ; 
P = the weight which is applied at G ; 
tH = BF = the horizontal distance of the point of 

application of the weight P from B / 
^ = the angle BCF^ BAE ; 
jPj = the reaction of the support B ; 
H = the horizontal pressure at -ff / 
H^-=' H= the horizontal pressure at A, 

It is a principle of statics that the sum of all the horizontal 
components of the applied forces, for equilibrium, is zero; and 
similarly for the vertical components. 

Hence P = P„ 



n=zH. 



ij 



Taking the moments about B^ and we have 

HD = PnL 

:.H^n P~ = nP tcmg d (42) 

Taking the moments about Ay and we have 

PJ= n,D + {l-n)Pl, 
in which make P, = P. Reduce, and we have 

H^^ n Pj^ = nP tang 6 as before. 
. In a similar way, assuming that S = J?j, and we finii 

p =p.. 



V(jiuii;±.Aa pkbtaimiko to 



■ Baeolving the force II into two otliere, one of whicli shall be 
perpendicnlar to the axis of the be&m, and the other parallel to 
it, aa shown in Fig. 23, and we have 



Fia. 23. 
L' = S ainO = n I* tang dgmd = nP ■=, 

N' = Hcos = nP tang 0co8 0=nPnn0 

The components of P are 

J)f=Pam0 (43) 

L = P cos 0. (+4) 

The compreseion dne to the longitudinal componenta are : — 

between A and O^L' ^nP — g ; (45) 

p 
between C and £, = L + L' =. — „ (<»«* + n sin 0) 



. P 

008 



■ n sir^ + cos^ (46) 



The same result may be obtained by resolving the forces at 
the lower end. 

I 8. — BISCtTSSION OF TUB PBBCEDINO OASB. 

1. If the rafter is vertical ^ = 0, and equation (45) gives X" 
= 0, and equation (46) gives L = P ; and (42) gives ^=0. 

2. If tlie weight is placed at A, wc have n = 1, and 
equation (42) gives H = P taiff 0, and 
equation (46) gives L + Z' = P sec 0. 
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3. If P is placed at the lower end, or at B^ we have n = 0, 
aiid equations (42) and (45) give zero, while (46) gives P 
cos 0. This does not give a strain, but is simply tJie longitudi- 
nal component of P. 

4. If P is applied at the middle, n ^ iy and we have 

JEr= i P tang (47) 

Z' = i P tanff 8in0 (48) 

L^ L ^ ^^\Hin^0 + co^oX (49) 

6. If the rafter is horizontal the several strains become 
infinite. 

The moment of transvei'se stress between A and da 

N' d ^n Px" sm0 

in which a/ is reckoned from A. And between G and B it is 

(iT- iT') x = (l-n)Px sin 

in which x is reckoned from JS. 

Hence, for rectangular beams, we have for rupture between 
A and C, 

\ bd COS J 

The dangerous section is just below C, for which we have 

nP X ACsm0 = 4 (i? ^ — — -J — jr 1) &r...(50) 

\ bd cos / 

1 9 • — PsoBLEMa— 1. A beam whose length is 20 feet, breadth 6 inches, depth 
13 inches, is inclined at an angle of 60" to the vertical ; required the weight 
which it will safely sostain when placed at the centre. Call B 1,000 pounds; 

3. Reqnired the load at the centre which the same beam will sustain if hori- 
zontal. 

3. Eequired the load which a beam of the same breadth and depth as in ex- 
ample 1, and whose length is the horizontal projection of that beam, will sus- 
tain if placed at the centre. 

20. — liOADED RAFTER.— OASS: OF A RAFTBR HTHICH 18 
liOABBR VNIFORMIiT OVER ITS ITHOI^E I^ENGTH. 

Let w = the load per unit of length, 
X = any distance measured from -4, 
W = the total load on the rafter, and 
I = the horizontal projection of the rafter. 
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Taking the moments abont B we bave 
^i> = TT. i I; 
.■.H= i ^lj=\ Wtange. (51) 

which according to Eq. (47) is the same as if the whole load 
were concentrated at the centre. 

The load on a; is utx and according to equation (45) the lon- 
Ifitadioal component of it is 

L = wxco8 0, (52) 

<)nd the longitudinal component of the thrust at the upper end 
is 

; X' = Hsin ^ =i Wtmig sin B ; (53) 

which according to equation (48) is the same as if the whole 
load were concentrated at the centre. 

Hence the total compression at any section whose distance 
from J. is ai, is 

L-\-L'='wxco8d+^ Wtang Bsinff (54) 

At the lower end x becomes AB and we have 

'-^ I' = s-^\^co^S + sin^e] = ;r^Al + cos* l..(55) 

^t the middle w = ^ AB and the longitudinal compression 
4* ^he middle is 

i Wsea0 (56) 
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THie normal component of ffis 

N' = Hco8 = iWta/fiff cos = \W9m 0. 

The normal component of the load wx is 

I^ z=z wx sin 0. 
Hence we have for the equation for rupture at ajiy pointy 
for rectangular sections, 



^^—i^- = i[li-^,-^] 



or 



3 «^n ^ I 2odco8 J ^ '^ 



From equation (57) we have 

_ 8^g r ^ n 3WXCOS0 W 8in' 



RdcoB0' 



If the depth be constant we may easily find from this equa- 
tion the position of the dangerous section. By differentiating 
and placing equal to zero we have 

dx Rd^ 1^ J ^^ 

/. a? = i AB + ^deotO. 

This value in Eq. (57) enables us to find the proper value 
for b. 

It is much more difficult to find the position of the dangerous 
section when b is constant and d variable. 

Examples. — 1. A rafter whose length, AB, is 30 feet, breadth 3 inches, 
depth 6 inches, inclination to the vertical 60 degrees, is loaded nniformlj 
over its whole length. If i2 = 1,000 pounds, required the load which it will 
sustain. 

2. A rafter whose length is 20 feet, breadth 2 inches, inclination to the hori- 
zontal 25 degrees, li = 800 pounds, is required to cany 40 pounds per foot of 
its length ; required its depth. 

31, — STRBNGTH OF piLi^ARS. — The general formula for 
determining the strength of long prismatic pieces which are 
subjected to longitudinal compression is 



«■• 



F^^FI. (68) 
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The streiij^ of square pillus which rest on a fiat base 
aiid the upper end of wUcb is also fiat and seemed in its posi' 

tion, may be determined from the follov' 
theoreti«d formula. 




P = 



i^E.V 



12 



^? 



(59) 



If thecolnmns are cylindrical, with the same 
conditions in other respects, we have 



P = 



V 



*E 






(60) 



For hollow cylindrical oolmnns, we have 
P = J IT* E'^-:^ (61) 

V 

These formulas, according to Navier and 
Fig. 25. Weisbach, should be used only when the length 
exceeds 20 times the diameter for cylindrical 
columns, or 20 times the least thickness for rectangular col- 
umns ; and Navier says that only -^ the calculated weight 
should be used for safety for wooden columns, and ^ to ^ for 
iron ones, but Weisbach uses ^ in the case of cast iron and of 
wood. 

Practical men are disposed to distrust these formulas as 
being too theoretical. They use instead thei-eof Hodgkinson's 
empirical formulas, which were deduced from a long series of 
experiments ; or Gordon's formula, which was deduced from the 
same experiments. The results given by these formulas do not 
differ very largely from those given above. 

93. — GORDON'S BUI«BS FOR THB BREAKING HTBIGHT IN 
POV7NB8, OF IRON PII<I<ARS UriTK FLAT ENDS, TKE ENDS 
BEING SECURED SO THAT TBEEY CANNOT MOTE I«ATERAI.I<T, 
AND ETENI^Y DISTRIBUTED OVER THE END SURFACES. 

The thickness of the metal in hollow columns not to exceed 
f to ^ of the external diameter. 



FOB CAST IBON, P = 



HOLLOW CYLINDRICAL PILLARS. 
80,000 A 



1 + 



800 2?' 



(62) 
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in which A = the sectional area of the metal in square inches, 
I = the length of the pillar in inches, 
D = the outer diameter in inches, 
P = the breaking load in pounds, and 
80,000 = the crushing strength of cast iron, which 
is a low value, and hence safe. 

FOB WBOXIGHT IRON, 

p ^ 36,0 00 A 

■"l . ?:_ (63) 

^ 3,000 jO" 

SQUARE HOLLOW PILLARa 

D 80,000 JL 

FOB OAST lEON, JP = 2 

_ D 36,000 A 

FOB WBOUGHTIEON, P = ^ 

■^ ■*" "6;ooo"y" 

SOLID PILLARa 
o 80,000 A 

FOB OAST IBON, P = ■'- — = ,^ -. 

1 . L._ (6*) 

^ "^ 266 6' 

o 36,000 A* 

FOB WBOUGHT IBON, -P = ^ ,^^. 

■*• "^ "3;ooo"y" 

33. — 'SMSL. €• SHALBR sMiTM's FORisiJi^A for tho Strength 
of white or yellow pine square pillars. 

P - 6,000 

0.004f (66) 

* For tables oompated from these f ormnlas, see Trautioin^s Engineer^t 
PoeketrBook, pp. 238, 239 and 240. 
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94. — ^HODOKINSON'S FORMUI^AS. 

TABLE 



In which P 

d 

di 

I 



For ths absohUs strength of eohimni. 

GmBhing weight in gross tons, 

the external diameter, or aide of the column in indies, 
the mtemal diameter of the hollow in inches, and 
the length in feet. 



Kind of Gdfaunn. 



Solid Cylindrical Columns of ) 
cast iron ) 

Hollow Cylindrical Colnmns) 
of cast iron ) 

Solid Cylindrical Colnmns of ) 
wrought iron ) 

Solid Square Pillar of Dant- ) 
zic o&k. ) 

Solid Square Pillar of red ) 
dry deal ) 



Both ends xonnded, the 
length of the column ex- 
oeeding fifteen times its 
diameter. 



P = 



P 
P 



TOHS. 

14.9 -jr., 

S.TS 1.76 

d — di 
13- 



= 42 



d* 



p. 7 



76 



Both ends flat, the length of 
the oolnmn irrnwaiUng thirty 
times its diamrter. 



P = 44.16 



TOHS. 



P = 44.84 
P = 133.75 



^.7 
».M I. 

d—di 



d»-» 



p = 



10.95 p 



P = 7.81 



d» 



The above formulas apply only in cases where the length is 
so great that the column breaks by bending and not by sunple 
crushing. One-fifth of the results given by these formulas, is 
considered safe in practice. 

If the length of the column is less than that given in the 
table, and more than four or five times its diameter, the strength 
is found by the following formula : 

W= ^'^^ (67) 

in which P = the value given in the preceding table, 

jE" = the transverse section of the column in square 

inches, 
C = the modulus for crushing in tons (gross) per 

square inch, and 
W = the strength of the column in tons (gross).* 

* J<£mes B. Francis, O.E., has published a set of tables which gives the 
strength of cast-iron columns, of given dimensions, by means of equation (67), 
and also bj those gfiven in the above table. 
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35« — l¥EI6Brr of PILIiARS. 

TABLE 

Of the weights in pounds of piOofrs in terms of their UngtJts (f) in feet^ when 
loaded to one-jifth their cruehmg strenffth (P) in pounds. 



Kind of PUlar. 



SoUd Cylindrical Col 
nmn of cast iron. 

Hollow Cylindrical Col- 
umns of cast iron, 
di =nd, 

if n=0.98 

if n=0.95 

if n=0.935 

if n=0.90 

if n=0.875 

ifn=0.86 

if 71:^0.80 

71=0.75 



SoUd Cylindrical Col 
nmns of Wrought 
Iron, 



Square Column of Bant- 
zicOak. 



Weight in pounds. 



Both ends rounded. 
<> 16 d. 



0.023926469 (P.P-*«) 



TTsT 



0.034892078 



a-7*'-^')T:+7 



rriT 



Til 



(P.l »•") 
0.003881655 (P.^-»^ 

0.006001775 (P.r-«0'^^ 

0.007265678 (P.P-")^' 

0.008396144 (P.Z»«)T-*^ 

0.009378430 {P.p-^'^'^ 

0.010261387 (P.P-")"'^ 



Both ends flat. 
1>B0L 



0.009321706 (P,P'*»)T:^rj 

1-n' 



0.009300164 



(l-7i-;»)T:+rj-' 



0.011862713 (P.P-") 



Trii 



rnii 



0.018297905 (P.P-«^ 



0.014115881 (P.P«^"T^ 



(P.r-*") 
0.001658183 (P.r-*»)T^J^ 

0.002489827 (P.i»^"^T:lTr 
0.002987882 (P.p-*«)T*rT 
0.003406063 (P.i»-«»)T:Hy 
0.003778531 (P.f».«")T:+Tr 
0.004106903 (P.p-*7»)T:fTT 
0.004702651 (P.2»."»)T:fTT 
0.005233353 (P.i«*«)T:fTr 



0.004998604 (P.P-"») 



iTTTTT 



(Cubio foot weighs 47.24 

pounds.) a 001223770 (P* P) 



Part 2. 



TBXJSSED BRIDGEa. 

CHAPTER L 

DEFINITIONS AND DATA, 

36* — iiBPiNinoNS. — A STRI70TURB is an assemblage of 

pieces so joined that the whole may act in sustaining weights, 
or the pressure of water, or the pressure of wind, or other 
physical pressures. The points at which the pieces are joined 
are usually called joints, "The pieces between the joints are 
usually rigid, although this is not necessarily the case, for a 
flexible piece as a rope, wire, or chain, will resist a pvU as 
effectually as a bar of iron. Structures may be composed of 
earth, or masonry, as well as of iron, wood, or other materials. . 

A FRAMB is a atructwre which is usually composed of wood, 
or iron, or both combined, the pieces being joined at points, 
and the whole so constructed, arranged and secured that it may 
cany loads, or resist the action of external forces. 

A BEAM is a simple or compound piece which is usually 
supported at its ends for sustaining a transverse or oblique 
stress. Beams are sometimes built up, in which case they may 
be called compound beams. 

A GiBDBB is either a simple beam, or a framed assemblage 
of pieces so constructed that it may carry loads when it is sup- 
ported at its ends or at other intermediate points. 

A TRUSS is a framed girder. It is a frame^ but a frame 
implies more than a l^rvss. A fra/me is a more general term. 
We gpeak of a framed house, but not of a trussed house. 
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Fra/mm^ relates to the joining of the parts, trvssmg to arrang- 
ing the parts so that the frame may not be distorted under the 
action of the forces to which it is to be subjected. Eoofs are 
often trussed. Many bridges are called trussed bridges. Truss- 
ing generally implies hrcbdng. Thus, a trussed partition is a 
braced partition. In bridges and in roofs, tie% often take tlie 
place of hrcbcea. The distinction between gi/rders and trusses is 
not always made, although the tendency seems to be to use the 
former as a dignified name for a beam, and the latter as applica- 
ble to braced and tied structures. 

A SEMI-TRUSS is a truss which has no support at one end, as 
in Fig. 56. 

A BRIDGE is a structure over a river or other body of water 
for supporting moving loads. It usually connects two roads in 
such a way as to form a continuous road. A bridge may be a 
frwme^ or it may be an arch, or it may be composed simply of 
beams, or it may be suspended by cables. These several forms 
give rise to several classes of bridges. For the purposes of 
analysis it is convenient to divide them into— 

1. Tkussed BBrooEs. 

2. Ttjbulab BEmoES. 
8. Suspension BiaDOES. 

4. Abched BBn)GEs. 

5. Compound Struotuees. 

Each of these admit of several subdivisions, as will hereafter 
appear. 

A VIABUOT is a structv/re for carrying a roadway over low 
ground, where there is not necessarily any water. The struc- 
ture may be in all respects like a bridge. 

A CHORD is the upper or lower member in a truss. It 
extends from end to end of the structure. There are usually 
two chords, an tipper and a lower chord. These may be 
parallel, as in Figs. 69 and 88, or the upper one may be curved 
(arched) and the lower one horizontal, or both may be curved. 
These pieces by some English writers are called hooms ; and by 
others, strmgers. The lower chord is often called a tie. The 
upper chord is sometimes called a straining beam. 

A TIB is a piece which connects two parts and is subjected 
to tension. 



V 



30 



TRBATIBE ON BHIDGE8. 



A STRUT is a general term which is applied to a piece in a 
trass which is subjected to compression. In proportioning it, 
it is treated as & pillar. In its more restricted sense, it is a 
short piece which is subjected to compression. 

A TiB-STBiTT or 8TR17T-TIE is a piccc which maj be sub- 
jected to tension and compression at diflFerent times, for differ- 
ent conditions of loading. 

. A BRACE is an inclined piece which is subjected to compres- 
sion. It is an inclined strut. In bridges, braces are sometimes 
distinguished as mainrbraces and counter-braces. This distinc- 
tion is quite unnecessary in an analytic point of view, as will be 
seen hereafter, but it is so common in practice that it will not 
do to ignore it. 

A MAIN-BRACE is a bracc which inclines from the end of a 
truss towards the centre, as in Fig. 26. 




J CHORD 



..^QW£R 



Fig. 26. 



A COUNTER-BRACE is ouc which inclines from the centre 
and toward the ends. In the same panel the counter-brace 
inclines the opposite way from tlie main-brace. See Fig. 26. 

A TIE-BRACE pcrforms the office of both main and counter- 
brace. It is the same as a tie-strut. 

A KING-POST is a term applied to a truss in which there is a 
central tie (or post) and two braces resting against it as in Fig. 
28. This is an old and familiar term, and came into use when 
the central piece was made of wood and resembled a post, al- 
though its office was that of a tie. A braced post or a braced 
tiCy would seem to be a more appropriate mechanical term. 

A ai^EEN-posT TRUSS is a truss in which there are two 
posts (or ties) and against which rest two braces. The horizon- 
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tal piece between the upper ends of the poets is often called a 
atraming heam. See Fig. 49. This is also an old term and 
has become familiar with long usage, but, mechanically speak- 
ing, it would be much more appropriate to call it a tbapb- 
zoiBAii TRUSS. There are other forms of trusses which in out- 
line resemble a trapezoid, and it does not seem necessary to 
sepiarate this case from the more general one. It may, however, 
be desirable to do so on account of its frequent use in roofs, and 
bridges of short span. 

97. — TUB liOAD. The load on a bridge consists of two 
parts ; the first part being permanent and due to the weight of 
the bridge, is sometimes called the " dead load ; " and the sec- 
ond part being " temporary," is composed of moving trains of 
cars, or teams, or persons, or other loads. The latter is some- 
times called " the moving load," or " the live load," or " the 
surcharge." The i*ivb IjOab may be assumed, or is given in 
the original data, but the pbrotanknt IjOAd must be assum- 
ed, and can be accurately determined only by successive ap- 
proximations. For it is dependent upon the thing which we 
seek viz., the dimensions of the parts of the bridge. We there- 
fore, at fii*st, assume such a value for the total weight as is in- 
dicated by other similar structures, and after the dimensions of 
all the parts have been computed, the weight is calculated from 
these dimensions ; and if the assumed weight does not largely 
exceed the computed weight, it will not be necessary to review 
the calculation. 

I have examined the weights of several wooden railroad 
bridges, and 1 find that for spans of about 150 feet, they aver- 
age about 1,200 pounds per linear foot. We mg^y assume for iron 
bridges of spans from 100 to 180 feet, from a half to three- 
fourths of a ton, and from 180 to 250 feet, from three-fourths 
to one ton per foot ; and for spans of 300 feet, about IJ ton 
net. 

The Conway tubular bridge, England, weighs about 3,000,000 
pounds and is 400 feet long, and hence weighs about 7,500 
pounds per linear foot. 

The iiiTB liOAD is generally assumed to equal er slightly ex- 
ceed the greatest load which wo think will ever be placed upon 
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the bridge. For a railroad bridge the heaviest load would be 
that of a train of locomotives, extending from end to end of the 
bridge— or at least over one span of it. If the bridge is long 
-it is not probable that so heavy a load would ever be placed 
upon it, but it makes the computation much more simple to 
dssume this load, than it does to consider one or two locomo- 
tives followed by a train of cars which is much lighter ; and 
the error, if any, which results from the assumption, is on the 
safe side. 

English and American engineers assume that a train of loco- 
motives will weigh one ton (gross) per foot of length. Morin 
Bays that the French locomotives weigh about |^ of a ton per 
linear foot.* The maximimi weight of a train of merchandise 
on the road from Paris to Lyons is given as 1674 kilog. per 
metre of length,* or more than one-half ton (net) per foot. 

In Traits Theoretiqtce et Pratique on the construction of 
metallic bridges by MM. L. Motinos and C. Ponnier, p. 60, the 
following values are given ; the length in metres, the weights 
i'l French tons. 



Length of the Span. 


4m 

tonR 
8 


6m 
7 


10 m 


15 


20 


26 


90 


40X 


eo 


Weight per metre 
of length nni- 
formlj distri- 
buted. 


6 


5 


4.7 


4.5 


4.5 


4.5 


4 



Which in English units gives, to the nearest tenth, 



Length of Span in feet. 


18 ft. 


19)tf 
3.2 


1.8 


1.5 


66 
1.4 


9^H 
1.3 


1.8 


180 


186 


Weight per foot of length 
unifonnly distributed. 


tons 
2.5 


1.3 


1.1 



So that for long bridges they recommend rather more than 
one ton (net) per foot. It is advisable in all cases to allow a 
larger coeflScient for safety for short spans than for long ones, 
for they are liable to be subjected to much greater concen- 
trated loads and to more severe local shocks. As much* as 
16,000 or 18,000 pounds may rest upon the driving wheels 

* Morin, Misistanee des Mat^riaux, pp. 333 and 334. 
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of an engine, which load extends over a few feet only. In this 
country one ton per foot is commonly used. 

For common road bridges we may safely assume that the 
maximum load is what it would be if completely covered with 
men. 

For sospension bridges the French engineers use forty pounds 
per square foot* Navier recommends 42 pounds per square 
f oot.t But a crowd of persons will weigh much more than 
this. Picked men closely packed in one experiment weighed 
eighty-four pounds per square foot. An experiment by Mr. 
Nash, architect of Buckingham Palace, in which he wedged 
men together as closely as possible, secured 120 pounds per 
square foot.:}: 

S 8 • — SAFB i«o AB« A structure should not be so heavily load- 
ed as to damage the elasticity of the materials which compose 
it. It is impossible to tell the exact load which the structure 
can sustain without passing this limit, but considerations of safety 
and durability demand that one should keep on the safe side. 
Hence it is often the case in practice that bridges are made X\ 
to 2 times as strong as would be absolutely necessary if the 
materials were all of a known standard quality and the work- 
manship practically perfect. In order to make the structure 
safe against all these contingencies, it is made several times as 
strong as is necessary for sustaining the load at the crushing 
limit. 

S9. — TBTB FACTOR OF SAFETT is the ratio of the computed 
strain to the actual strain ; or in other words it is the ratio of 
the load which would just crush the structure to the assumed 
load. There is no absolute rule for determining the proper value 
of \!d^ factor. Its value is assumed a/rbitra/Hly by the engiueer, 
although its extreme limits may be determined by experiment 
and observation. For instance, experiment shows that the^Jw?- 
toT for the tension of wrought iron should never be so small as 
2 ; and when the load is applied without shock it ought not to 
be less than 3. It seems evident also that it is unnecessary to 

♦ Mahan's Cin, B'ng,^ p. 267. 

t WeiBbaoh's M&sh, and Bn^, (3d Ed.), Vol. II. p. 64. 
% Tzautwine's Eng, Poeket-Book, p. 397. 
8 
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allow 80 large a factor as 10, or 8, or even 6 for wrought iron 
where there is no shock. But in all practical cases in bridge 
construction there is some shock due to passing loads, and hence 
we may assume 9k factor as large as 6, as is shown in the following 
list. Between these limits its value depends chiefly upon the 
choice of the engineer. From 4 to 5 is a very common value 
for wrought iron subjected to tension or cross-strain, from 4 to 
6 for cast iron, and 10 for wood. 

The following aire the values used by several engineers and 
authors : — 

Messrs. May and Grissel 3 

Mr. Brunell 3 to 5 

Messrs. Basbrick, Benton and others 6 

Mr. Hawkshaw 7 

Mr. Glyn 10 

Bow for wrought-iron beams 3.5 

Weisbach, for wrought iron 3to4 

Vicat for wire suspension bridges more than 4 

•^. , . . , . , ( for posts and braces 5 to 6 

rmk, iron truss bndges \ r ^* i j ^ 

' ° ( for cast-iron chords 7 

Fairbaim, for cast-iron beams 5to6 

C. Shaler Smith, compression of cast iron -.5 

Eankine and others, for cast-iron beams 4 to 6 

Mr. Clark in Quincy Bridge, lower chord 6 to 7 

Washington A. Boebling, for suspension cables 6 

The Detroit Bridge and Iron Company 5to6 

Morin, Vicat, Weisbach, Bondelet, ISTavier, Barlow, and 

many others say that for a wooden frame it should not 

be less than 10 

For stone, for compression 10 to 15 

Mr. Fairbaim deduced the following conclusions from ex- 
periments which were made by him in regard to beams and 
girders, whether plain or tubular. "The weight of the girder 
and its platform should not in any case exceed one fourth 
the breaking weight, and that only one-sixth of the re- 
maining three-fourths of the strength should be used by the 
moving load." According to this statement the maximum 
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load, including the live and dead loads, may equal, but should 
not exceed, 

i + ioff = f 
of the breaking load. Hence \hQ factor of safety must not be 
less than 2.66 when the above conditions are fulfilled. This 
value is, however, evidently smaller than is thought advisable 
by most engineers. 

The rule adopted by the Board of Trade, England, for rail- 
road bridges is " to estimate the strain produced by the greatest 
weight which can possibly come upon a bridge throughout 
every part of the structure, which should not exceed one-fifth 
the ultimate strength of the metalP They also observed that 
oixiinary road bridges should be proportionately stronger than 
ordinary railroad bridges. 

30« — ABSoiiUTE moDuiiUs OF SAFBTT. -Somctimcs an ar- 
bitrary value is assumed for the maximum strain in pounds per 
square inch to which the material may be subjected. Such a 
value is called the absolute modvhis of safety. 

The following values are generally assumed for the modulus 
of safety. 

Ponnds per square Inch. 

Wronght iron, for tension or cornpression^ from 10,000 to 12,000 

Cast iron, for tension^ from 3,000 to 4,000 

Oast iron, for compression, from .15,000 to 20,000 

Wood, tension or compression, from ., 850 to 1,200' 

f granite, from 400 to 1,200 

quartz, from 1,200 to 2,000 

sandstone, from 300 to 600 

Umestone, from... 800 to 1,200^ 

The practice of French engineers,* in the construction of 
bridges, is to allow 3.8 tons (gross) per inch upon the cross-sec- 
tion, both for tension and compression of wrought iron. 

The Commissioners on Railroad Structures, England, estab- 
lished the rule that the maximum tensile strain upon any part 
of a wrought-iron bridge should not exceed five tons (gross) per 
square inch. 

31. — ^BXAMPIiBS OF STRAINS THAT HATB BEEN USED IN 

PRACTioAii OASES. The margin of safety that has been used 

* Am. E. B. Times, 1871, p. 6. 



Stone, compression^ 
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in varioofi structiireB may or may not serve as g^des in design- 
ing new stmctures. If the margin for safety is so small that 
the stractore appears to be insecore and gives indications of 
failure, it evidently should not be followed. It serves as a warn- 
ing rath^ than as a guide. If the margin is evidently exces- 
sively lai^, demanding several times the amount of material 
that is necessary for stability and durability, it is not a guide. 
Any engineer or mediaiiic, without regard to scientific skill or 
economy in the use of materials, may err in this direction to 
any extent But if the maridn appears reasonably safe, and 
the 8tract«« Iu» iemain«d et^e foHTloDg time, it Bervel as a 
valuable guide, and one which may safely be followed under 
Mmilar circumstances. Structures of this kind are practical 
eases of the approximate values of the inferior limits of the^oo- 
tors of safety. The following are some practical examples : — 

mON TBUSSKD BRmOBS. 



HAMK a» TBX SKDOX. 



Passaic {Lattice) 

Plaoe de rEurqpe {Lotties) 

Canastota {If, T. C. B, M.) {Lattice). . . . 

Newark Dyke ( Warren Girder) 

Boyne Viaduct {Lottie^ 

ChxoDgOtOBA {Lattice) 

St. Charles, Mo. {WMppie Trtm) 

IicmisviUe, Ky. {Fink Trtm) 

Keoknk and Hannibal 

Qoin<7 Bridge 

Kansas City Bridge 

Hannibal Bridge {Quadrangtdar Truss). . 



XKH8IOH. 

sqiuunaiiidL 



5ito6 
4 
5 
5 
5 
6 

Pomids 
paraqnare inoh. 

12,000 

7,000 to 12,000 

9,251 

10,000 

Factor of safely, 5 



Tons 
per sqiiare inch. 



4ito5i 
3» 

4 
5 



Pounds 
per aqnue inch. 

12,000 
i to |the strength 

8,962 
Faotor of saf ei7,5 

Factor of saf et7,5 



WOODEK BBTOGES. 



VAMX OF THX BUDOS. 



ICAZIlfUX STBAHr. 



Onntbexland Ydley B. B. Bridge. . 
Portage Bridge (iV: 7.dhRB.R,). 



635 pounds per square inch. 
Factor of safety, 20. 



BXAHPLES OF BmDGEd. 
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VAMa or TBB BBIDaX. 



Henai 

HammerBmith 

Pesth 

Chelsea , 

Clifton , 

Niagara , 

Suspension Aqueduct, Pitts- ) 
buigh, Pa. 7 spans each, ) 

Cincinnati Bridge 

East Biyer 

Highland (propoMd) 





strain in tona 


Btrainintona 




Spminfieet 


peraqnare 


peraqnare 


Factor of 


inch. From 


inch. Bridge 


safety. 


• 


Bridife. 


and Load. 


1 


580 


4.21 


8.00 


3.9 


422i 


5.38 


9.36 


3.3 


666 


5.01 


8.11 


3.9 


884 


4.36 


8.07 


3.9 


702J 


2.00 


5.03 


6.4 


821 


6.70 


8.40 


5.8 


160 


• • • • 


• • • • 


4.0 


1,067 


9.1 


11.7 


6.a 


1,600 


• • • • 


• • • • 


6.0 


1,600 


• • • • 


• • • • 


6.0 
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HAm or BRIDOIt 


■VAH. 

Feet 


FOB WBIOUT OF BBTDOS 
AND LOADw 




Tension. 
Tons. 


OompceaaloiL 
Tons. 


Conway 


400 
460 

• • ■ 


6.85 
3.00 
4.75 


5 08 






PflfiTith (Tnbniax Girder) » . . . 


. . • • 
4 25 







GABT IBON ABOHB& 



KAMB OF TBX ABGB. 


SPAH. 

feet, inchea. 


TKBSXb snoL 
feet, inohea. 


BiBAnr 
PBB aquABB 

INCH ZS TONft 


Austerlitz 


106 
152 2 
102 5 
137 9 
197 10 
120 


10 7 
16 1 

11 4 

15 

16 5 
20> 


2.78 


Carrousel • ...•••••-••• 


1.46 


St. Denis 


1.37 


Nevers 


1.90 


Bhone • 


2.37 


Westminfft^^r. 


3.00 
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BTOliB AJEBOHBfl. 





%»ninfeet 


Tened dne 

in feet. 


Preesure per 
aqnare inch 
in pounds at 
the key. 


Pactor of safe- 
ty at the point 
of greatest 
■train. 


Wellington 


100 
120 
128 
140 
147 
152 
200 


15 
35 
32 
35 
18 
38 
42 


175 
151 
172 
244 
293 
215 
349 


11.3 


Waterloo (9 Arches) .... 

Kftnilly 


20.0 
11 6 


Taaf {South Waies) 

Turin. 


ao 

10.2 


London 


14.0 


Chester 


8.6 







CAST STEEL ABCH. 



HAia or ABOS. 


SPAN. 

feet. 


VACTOB OF 

HATXTY. 


Illinois and f^t. Louis Bridsre. 


515 


6+ 







STOI!^ FOUNDATIONS. 



Pillars of the Dome of St. Peter's (Borne) 

" *' " Bt, FtmVA (I/mdon) 

** " " St. Genevieve (Pom) ^ 

Pillars of the Church Toussaint {Angers) 

Merchants' Shot Tower {Baltimore). 

•Iiower courses of Britannia Bridge '. 

Lower courses of the piers of Neuilly Bridge (Pom) 

Foundation of St. Charles' Bridge {Missouri) « 

Foundations of flast Biver Bridge *. . ^ 



rAOIOn OF SAFBTT. 



16 
14 

7.6 
10 

4.8 
31 
15.8 
12 to 14 
10 to 20 



* *^ In the stonework the pressures vaiy from 8 to 26 tons per square foot. 
Stone used is granite^ selected samples of which have borne a crushing strain 
of 600 tons per square foot. Some will not bear over 100 tons per square 
footl The general average is necessarily much less than that of the best 
MgecsmeaaJ'^-^StiUement tfthe Chief Ehigineet^ Washington A. Boebling. 
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Sjl, — ^PROOF liOAB. — The proof load is a trial load. It id 

intended as a practical test of a theoreti(5al structure. 

It generally exceeds the greatest load that it is ever intended 
to put upon the structure, but it should not be so great as to 
impair its elasticity. If the proof load is much in excess ol 
the load which will ordinarily be placed upon the structure, it 
should remain on but a short time, and should be put on and 
removed in such a way as to avoid shocks as much as possible. 
ExceBBmdy &&veve proof strains may do much harm by perma- 
nently damaging the resisting properties of the materials. 

33.— FRAMING. The art oi framing pertains chiefly to the 
manner of joinins: the parts of solid materials so as to resist 
BtnuiiB. This is ; veiy important item especiaUy in wooden 
Structures. I have seen frames in which the pieces were so im- 
perfectly secured to each other at their ends that they would 
fail there long before they were strained to the amount which 
they were expected to carry, making a frame very weak which 
in all other respects was very strong. Some of the approved 
methods for joining the ends will be indicated hereafter. In 
miaking the analysis of structures we shall assume that they are v 
properly joined, and that they will yield only by their elasticity 
for such loads as they are intended to carry. 

It is worthy of note, since joints cannot be made perfect, 
that where several joints are involved in carryii?:g a strain, 
if one is over-strained, it will yield by its elasticity and thus 
bring into action others which were less strained. Were it not 
for this principle it would be exceedingly difficult to make 
large cam/pound structures which would be durable. 

THE SIMPLE GIRDER. 

34:. — THB sniPiiE GiRDBR may be composed of a single 
piece of wood, iron, steel, or other metal, or it may be com- 
posed of several pieces firmly secured together so as to act like 
a single piece. Large beams and arches have been made of 
'planks or even boards firmly spiked together. Some prefer 
built beams of this kind to solid ones, because they can select 
their tiniber and be certain that it is aU sound, whereas it is 
difficult to secure large solid pieces, as some parts are liable to 



<d 



TBBATIBB OS BBIDOXS. 



c 



7ZZ 



Zi 





I 



d\ 



}^ 



t* 



i 





i 



T 



5 




H 






\ 



Fig. ae 



be ahc^ wMle the greats pait is soimd, 4>r ibey may have in- 
ternal defects. A built beam cannot be stronger than a solid 
one (as some have supposed), when the material in the solid one 
is as good throughout as that in the built one. If the pieces 
which compose the built one are large, they must be framed to- 
gether. Figure (26 a) shows some of the improved modes of 
joining or splicing timbers. 

If two equal timbers are simply placed over each other, as in 
H, Fig. (26 a), the strength of tiie two is double that of one, but 
if they can be firmly joined together so as to act like a single 
beam of the same depth as the two, the strength will be JiyiMr 
times that of a single one. 



11 I 1 I 1 1 1 



Fig. 37. 

If a BHiBGE be made of several beams placed side by side 
as in Fig. 27, we may determine the breadth or depth of eiM^h 
as follows : — 

m 

Let W = the total uniform load ; 
I = the span ; « 

jR = the modulus of rupture ; 
J = the breadth of each beam ; 
d = the depth of each beam ; and 
n = the number of beams. 

Then according to equation (19) we have 

iWl = ln lihcP 
Wl 



d = i^ 



If the depth of eadi beam is r times the breadth we have 



•••*=</ -f 
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In the Bame way the dimensions of floor joists maj be deter- 
mined. 

ExAMFLsa 1. The load on a floor is fifty poandB per square foot The 
joists are twenty feet long, twelve inches deep, and are sixteen inches from 
centre to centre. What must be their breadth if J2 = 800 pounds ? 

3. The joists in a floor are twenty-two feet long, three inches thick, twelve 
inches deep, and twelve inches from centre to centare. How much load per 
square foot will be required to break them if i2 = 8,000 pounds ? 
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KING-POST AND QUEEN-POST SYSTEMS. 
KmO-POST SYSTEM. 

3Sm — Tax KING-POST TRI7S8 ig frequently employed in 
bridges of short span, and in the construction of roofs. Its 




Fio. 28. 



Fio29. 



construction is simple, and it is very rigid. The common form 
is that shown in Fig. 28. In modem constructions a vertical iron 
tie is substituted for the post, and a horizontal iron tie is often 
substituted for the wooden one, as shown in Fig. 29. In bridges 
the inclined pieces are called braces, but in roofs they are 
called rafters. We consider two general cases: 1st, that in 
which the braces are equally inclined ; and 2d, that in which 
they are unequally inclbied. 




Fig. 30. 



In bridges the load will be upon the supported chord AC^ 
Fig. 30, and we may assume without being far from the truth 
that one-half the load on AD is supported at />, and the other 
half at A ; and similarly on DO. This hypothesis is exact if 
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there be a joint at D. But if the beam be continuous from A 
to C^ and ^e load uniformly distributed, the point D will sus- 
tain f of the total load (see Article 98, JSeHatatwe of Mate- 
ricUs). 

Let P be the load which is sustained at D. This is the only 
load which causes strains on the tie JBD and on the braces; the 
remainder of the load being carried directly by the abutments. 
The load P produces a pull equal to P on 2>J5, and thence a 
push on each of the braces AJB and BO. Of the load P, each 
of the supports A and C' carries F= i'P. 
Let P = the strain on DJB^ 

V = the reaction of the support A due to P, 

J5r = the horizontal strain on the tie AOy due to P, 

Q = the strain on each of the braces, 

= the inclination of the brace A£ to the vertical, 
D = jBJ) = the depth of the truss, 

1 =AB = DOy and 
Z = AC = the span. 

Suppose that the parts are reduced to rigid right lines, and 
that the joints at A, JBy and O are perfectly flexible. 

Take any convenient distance on the vertical line -4. F, to re- 
present the reaction of V, Through the upper end of the line 
thus assumed, draw a line parallel to AD and prolong it till it 
meets AJS ; — and this line will represent the horizontal pull on 
the tie A Cy and the distance from A to the point where the line 
intersects AJB will represent the push on AJS. Hence from 
this small triangle we have 

Q = Ysec = iFseed 
J5r= Vtanff6=::iPt(mg0 

We also have t(mg = -^-^ = jy and 
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If the ftB^le at jS is right, will be 45 degrees and I ^ D ; 

•••«^==*/p^i « 

This may also be solyed by directly resolving P^ thtis : — ^take any portdon of 
IDB^ as Bo^ to lei^resent P, and draw ea parallel to BG. Then will Bo/C re- 
present the triangle of foroes; Ba representing the strain on BA^ ao that on 
SG^ and j% that on BD, In this case, the rafters being equally inclined, Ba 
= <ie. Draw cid parallel to AD and it will represent the stress on AG = ff\ 
and Bd i= de = \ P, Hence we have from these triangles ad = Bd tang d, or 
H= ^Ptang e ; also aB = Bdseoe or Q = i Paee 9, the same as before. 

We alflo have from similar triangles 

aB:Bd :: AB :BD, or 
QiiP:: yfW^'& :D 

.'.Q=^iP ^^^^Mbefore. 

Having fonnd the amount and character of the strains we pro- 
ceed to proportion the parts. Observe that if there are two 
trusses to cany the load we divide the total strains by two. T 
being the modulus of the tenacity of the main tie, and JTits 

section, we have 

2 PI 

Jul -— 2* Jl -t^ — JL Jtx. • • jlL — ^ fT%T\ •••••••\* -L/ 



For the vertical tie we have 



K=~. (72) 



For the rafters or main braces, suppose that the ends are 
rounded, and we have, if their length exceeds fifteen times their 
diameter, (see article 24,) 

g = 13^ -f' , ., (73) 

for hollow cast-iron pillars ; and if other materials or forms are 
used, the proper values can be taken from the table. . If the 
length is less than fifteen times the diameter, use equation (67). 
Or use Gordon's formulas (article 22). 



Examples.— 1. If the span is 80 feet (which is too long for a bridge of this 
kind, bnt may do for a roof), depth 16 feet, tiniform load one ton per foot of 
length, required the pull on the horizontal tie, and the posh (or compression) 
on the xaften. AJao lequized the proper dimensions of the rafteis if they axe 
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•qnare and made of dzy deaL {Note, — In this problem aasnme thkt P is one 
half the total load.) 

2. If the span is 80 f eet» the Inclination of the xaften to the horixonta], 80", 
the load on the central yertical tie, 10,000 lbs., lequired the depth of the tmas 
and the straina upon the seTeral parts. 

8. Beqoired the slope of the main braoe so that the strain on it shall eqnal 
P. Find the corresponding strain on the main tie. 

4. If the span is 40 feet, length of post 8 feet, P ^ 2,000 lbs.; required the 
strain on the braces^ and thrust on the horizontid tie. 

Ans. Q — 2,692 IbsL ^— 2,500'lbs. 

In the case of roofs^ if the load is upon the main rafters, 
there will be no strain on the vertical tie due to that load, and 
its only service will be to support the long tie at the middle. 

One of the objections to a flat tmss of this kind, or, in other 
words, one in which the slope of the rafters is small, and in 
which the tie is composed of wood, is the difficulty of securing 
the ends so that they will not split out, or fail from longUtuii' 
nal shearing. Fig. 31 shows some of the modes of securing 
them. 
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1i a b resists the thrust of the rafter by its longitudmal 
shea/ring J its length must be 

h — ^^' thrust 
~" 50 X hreadthy 

for pine, hemlock, and spruce. For oak we would have 

, __ Sor. tJirvst 
"" 100 X breadth. 

These are for an eight-fold security. 

If the rafters are of wood, and the long tie of iron, it is easy 
to secure the ends. For the braces may be made to rest squarely 
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against a caBt-iron block, or shoe, to which the tie-rods may 
be attached in any oonvenient way. 
The tie may terminate with an eye for 
receiving a pin, and by the arrange- 
ment shown in Fig. 32, the cast-iron 
piece will be subjected to compression 

^^J' Fig. 82. 

36. — iNVKUTJUB KING-POST. — If the king-post truss be in- 
verted, and supported as before, at the ends of the long tie, as in 
Fig. 33, the amount of strain on each 
part will be the same as before, and 
hence may be computed by the same 
formulas; but the character of the 
strains will all be reversed. Thus, if a 
load is at i?, the piece D B will be com- 
pressed, the inclined pieces A B and B C will be under ten- 
sion, and the piece A O will be compressed. 

37« — A BRACBD BEAM. — ^Thc middle of a beam may be 
supported by two braces, the lower ends of which rest against 
walls as in Fig. 34. In this case the 
strain on the braces is the same as in 
the king-post truss, and the thrust 
against the walls is the same as it 
would be upon a tie which would con- " ig^^ 34^ 

nect the feet of the braces. The pres- 
sure of the rafters against each other at their upper ends is 
equal to H, The beam which supports the load is not involved 
in this system of strains. It is a beam supported at three points, 
or of two beams supported at their ends. 

88* — ^siiNiifEUM TOLI7ME OF MATERiAi*. — Givcu the length 
of the truss, and the load upon the vertical tie, it is required to 
find the depth of the truss, so that the total volume of material 
in the truss shall be a minimum. 

Let D (fig. 29) be the unknown depth, and I half of the 
known span. K^ the section of the vertical tie, may be found 
from the formula, 

T 



ff^H H«-^ 
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Letting the long dimensions (D and 2) be in feet^ and the 
transverse dimensions (JTand d)hem inches^ so as to coaiana 
with the notation in article 24, and we have for the volmne in 

inches 

liD£ = ~^ (a) 

The Btrain on the long tie is 

iPtangd = P2^; 
and its section is 

^' ~ 8 DT'^ 

and its volume is 

19 PP 
K,Ml = ^-^ (J>) 

The strain on the brace is 

iPsecg = iP ^^^^, 

hence if the braces are dry deal and square we have (see 
article 24) 

k P ^ = 7.81 ^ = 7.81 pj^jj^ 

By solving this in reference to d^y we have for the section of 
a brace in inches, 

and the volume of both braces is 

2xl2/F+:&-x<f = 24 5/jg^(? + 2>')* (0) 

Hence, by adding equations {a)y (?) and {c) we have for the total 
volume in inches 



12 DP 12 P? 



-^-'^v/b^('-^)' 



T 

which is to be a minimnm. Hence by differentiating we have, 
P PV ^ 



s/;S(*^-.)P-±^p=o 



T TB" 

The general value of D cannot be found from tWs equation, 
and hence the problem cannot be easily discussed. 
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BxAMPn;. 1. It T= 12,000 lbs., 1= 20 feet, and P = 20,000 pounds; 
required D, and consequently the slope of the rafter for a minimum quantity 
of material. 

2. If r = 12,000 lbs., ? = 30 feet, and P = 2,000 pounds, required D. 

Question. — Does D increase or decrease as P increases ? 

If the truss be inverted, as in Fig. 33, and the notation the 
same as in the preceding example, and the load on the support- 
ed chord as before, we have for the section of the vertical post, 
if it be of oak (see article 24), 



k 



= 0" = D J — 



10.95' 
and its 

«oZt.m. = i?Vio^-- (/) 

PI 

The strain upon the long chord will be q-tt-, and its section^ 

/~pr 

if of oak, will be ^ = Z y , and the volume of the whole 

chord will be, 

volume = 2 ? v/ ^. ^ ^^ ^3) 

V 21.9 D „_ 

The strain upon the long ties will be -J- P ■-- , and 

P '^ ? 4- Z>" 

lience the section = -^ =^ , and the volume of both 

ties will be, 

T D 

...Totalvolun.ewinbei>.^^+2?\/^+^(^), 
which is to be a minimum. 

• /~^n /PT"~ PP 1 ,P_n 
* ' V 2.74 V 21.9 • D' T ' D" ^ T" 

from which the value of D may be found, and hence the slope 
of the tie-rods. 

The problem is simpiiIfieb by supposing that the resistance 
to compression varies directly as the section (which is true for 

short braces). For these we shall have for Fig. 29, the strain on 
4 



volume = -^ - — :=^ — ^ (A) 
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the long tie aB before = —-^^ , and its section will be 

this value divided by C (modulus for crushing) and the volume 
of both braces will be this result multiplied by their length. 

.'. volume of braces = — W,— 7=^^ — K i^ 

which value added to equations (a) and (J) gives for toted volume 



in the truss = 



DP PV_ 

T "^ D T^ 
Hence, 

for a minimum we have 

P PV 

T 



P{p + 27) 
CD 



(J) 



CJD^ C ' 



+ 



h) 



{h) 



Hence by factoring we find that 

i? = Z, 
consequently, the inclination of the braces will be 45 degrees. 
The other value given by the equation is inadmissible. 

Hence the total volume of the truss becomes 

UT- C we have 

4Pi>^2PZ 

T '^ T ' 

that is, it is equivalent to a piece whose length is twice the span, 

and whose section is that required to sustain P by a direct pull. 
The minimum material for the braces only is (using Eq. (i) ) 

2P D PL ,,, 

. ~^~-^7r ^^) 

39* — MiNoirHi DEPRESSION. — In a triangular frame, like 

Fig. 35, in which the braces and tie 
p|^ ^^® ^ ^^ ^^ same material and uniform 

section, it is required to find the inclina- 
tion of the braces, so that the depression 
of the vertex shall be a minimum for a 
load Pj all the pieces being elastic. 

Let P = the load at the vertex. 
I = the length of the base. 




Fig. 35. 



a = the length of each brace. 
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J) = the altitude of the triangle. 
i = the angle which the brace makes with the hojizon- 

tal tie. 
K = the section of the pieces, and 
^ = the coefficient of elasticity. 

Then D = V «' — i? ^^^ ^7 differentiation, 

■7 7^ ada — i Idl , . 

^^ = ■^^— • («) 

ia which dD is a small depression of the vertex, and is to be a 
minimum^ da i& sl correspondingly small compression of a 
brace, and dl a correspondingly small extension of the tie. 

"We also have a = ; / J) = il tang i ; strain on rafters 

p 

= - — ; — , = P' : and tension on the tie = i jP cot i. 

2 smi ' 

For the amount of compression, we have (see JSesistance of 
Materials)^ 

'EK 2 EK sin i 2 cos i 4 EK' cos i sin i 

«. ., , ,, PI cot i 
Similarly,— rfZ = -yeK 

Hence, equation {a) becomes 

dD = — -~~ ■ , I . 4 cofl^i I 

4 EK Sim yjios t J 

which is to be a minimum. By differentiating, placing equal 
to zero, and reducing, we have 

2 cosH 4- 3 cosH = 1, 

one of the roots of which is 

cosi = ^ 

hence the triangle must be equilateral. 



40. — trusskh bbams. — ^In a trussed beam, like Fig. 36; 
the total compression on the upper side is that due to the 
bending of the beam added to the horizontal pull of the 
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truss rods ; and the tension on the lower side is that due only to 
the bending of the beam. But it is difficult to determine the 
values of these strains, for the strain on each is dependent 



CffOSS 
SECT/ON. 




^T^ 



Fio. 86. 

upon the distortions (compressions or extensions) of the other. 
So far as cast-iron beams are concerned, the value of such 
tnissing has been determined experimentally by "Wm. Fair- 
bairn, the results of which are reported in his work on Cast 
a7id Wrought Iron. The beams experimented upon were of 
the double T form, as shown in Fig. 36, and the truss rods 
were of wrought iron. He found it exceedingly difficult to 
adjust the strains upon the iron rods so as to secure the best 
result, but concluded that they should be so adjusted as to secure 
a strain of 2 or 3 tons before the permanent load was placed 
upon the beam. He also concluded that such beams were not 
reliable. 

The trussing of cast-iron beams, however, is not very import- 
ant at the present day, for solid rolled wrought iron ones can 
be made quite as cheaply, and are much more reliable. 

41. — RAISBD TIE, OR BOUBIiB RAFTERS. — If the loWCr 

chord (or tie) be raised, as in Fig. 37, the strains are consider- 
ably modified. This form 
of truss is common in roof 
construction, in which 
case the parts AD and 
BD are prolonged to the 
main rafters, as shown by 
the dotted lines, and are 
secured to them. In the 
case of roofs, the load will 
be distributed evenly over the main rafters, in which case 
the strains upon AJD^ DB^ and DC^ will be the same as if 
one-half the load were concentrated at (7, and the other half 
sustained directly by the abutments. In order, therefore, to 




Fm. 87. 



EAI8ED TIE. 58 

simplify the problem, we will consider the case in which a load 
P is placed at the yertex 6', and the joints at D and C are per- 
fectly flexible. The pieces AC and jBC will be compressed ; 
AD^ DB^ and 7>6^will be subjected to a puU. At the joint 
-Dj tiiere will be an. upward pull equal to the tension upon CZ?, 
and at C there will be a downward pull equal to the tension on 
CD added to the weight P. It is also evident that the horizon- 
tal j?t^«A outward of J. (7 will be equal to the inward horizontal 
pull of AD. In other words, the horizontal component of the 
strains vol AC and AD neutralize each other. This view of the 
case makes the solution very simple, for we may suppose that 
the truss is divided into two trusses ; one of which will be 
A CB^ with a horizontal chord AB ; and the other ADB\ with 
the same horizontal chord. 
Let P = the load at (7, 

t = the tension on CZ>, 
H = the horizontal component of the push and pull, 
t^ = the tension on AD, and 
Q = the compression on A C. 
Take any distance A^ on the chord AB, to represent the 
horizontal component, H, of the strains; erect a perpendicular 
ec, and from d and c, where it intersects the rafters, draw the 
horizontals ca and dh, then will Aa represent the reaction of 
the support for the truss A CB, and -4 J the reaction for the 
truss ADB ; Aa being h,pu8h up, and AJb being a pull down, 
their difference, ah, will be the amount which is actually sus- 
tained by the abutment, and is \ P, Ad represents the pull 
on AD, and Ag the push on AC 

For the truss ADB we have 

Ae : ed\\ AE : ED, or 

H \ \t\\ AE : ED 

AE 
.'.S=^t^ (74) 

For the truss ACB we have 

Ae:ec:'. AE : EC, or 
H:i{P ■{■t)'.\AE : EG. 

.•.^ = i(P + <)^.. (75) 



64 



TBEATISB OK BBIDGE8. 



Eqnationfl (74) and (75), being equal, give 

,.t=^.p 



DC 



which Ib independent of the slope of the rafters. 

We also have ed : Ad :: ED : AD, or 

i < : t,\:ED'.AD 
tAD AD r. 



•*• M *^ O 



2ED~ %DC 



Also, 



ee : Ac :: CE'. AC; or 
i{F + t):Q::CE:AC 



(76) 



(77) 



(78) 



2CE^ ' ' 2DC 
mscrssioiT. — From Eq. (76) we have, if ED = DC,t= P. 
I£DC=0,t= oa. UED = 0,t = 0. 

AW 7 

From Eq. (77), if 2>C = CE, t, = ^, P = ^P> ^^ic^^ 

is the same as the second of Eqs. (69). 
From Eq. (78), if Z>t7 = 0, ^ = oo. U DC = EC, Q = 

5-g5^ P, which is the same as the first of Eqs. (69). 

"Eext suppose that the load is placed at 2>, as in Fig. 38. 
Then will the vertical stress at the joint D be P— f, and at the 
joint C it will be t. Proceeding as before and we have 




P-t 



.t- 



EC 



ED EC ED -^ EC 

If ED = 0, « = P, as it should. 



(79) 



SOLirnOlST BY DIAaRAMS. 



u 
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43. — I>BPRBSSBD TIB. — ^If the lower tie be depressed Indow 
a horizontal, as in PHg. 39, the 
corresponding joints being let- 
tered the same as in the preced- 
ing cases, the same forms of 
expression will give the strain 
on the several parts. Thns, if 
the load be placed at C^ the 
compression on CD will be 

the same as Eq. 76. 
If the load be at 2?, the expression for the tension will be 

,^ EC p^EG p 
~ED^- EC DC 

the same as Eq. (79). These expressions become identical when 
ED = EC They are also independent of the slope of the 
rafters.* 

In these cases if the load be uniformly distributed over the 
upper or the lower rafter, all the strains will be as above, except 
that on the rafter ; and the strains on that member may be 
found as in Article 20. 

43* — soiiUTiONS BY diacrahs. — To solve the case of the 
simple king-post. Fig. 30 ; draw a straight 
line CE^ Fig. 40, in the direction of the 
acting load (vertical), then take any point 
O as an origin, and draw OC^ OD^ and 
OE respectively parallel to ^ J?, AD^ and 
BC; then wiU C£'= P ; CD = iP = 
DE ; OD = J?", the horizontal thrust, 
and OC =^ Q = the compression on 
the rafter. From this figure we have 

OD=z II=iPtanff0 
^ 0C== Q = iFseo0 

which are the same as equation (68). 

* See seTeral analyiioal •ointions ai iike preceding pzoblem, by S. W. 
Robinaon, Olass of 1803, Univ. of Mich.— Jdz^r. Frank, Inst, Sd Sories, p. 18. 




Fig. 40. 
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In a Bimilar way to solve the case shown by Fig. 87, draw 

C a line CO^ Fig. 41, take a point and 

draw OC parallel to AG ; OD parallel 

to AD; <?i^ parallel to DB ; OG 

parallel to GB. Then will GD + FG 

= P; DF= t; 0G= Q; OD = ^i* 

Hence we have directly from this 

figure i, j5 : \P\\ED\DGr. t = 

ED 

^ PyQS before, and similarly for the 




Fig. 41. 



DG 

others. 



44.— FINK TRUSS. — KFitik JVt^5 consists of a combination 
of hmg-posts with equally inclined ties, as in Fig. 42. It has 
the primary system AGB ; the two secondary systems AJtiD 




and DlcB ; the four tertiary systems Agb^ hiD^ Dje^ and dB, 
and so on, when there are more systems. 

The load may be upon the upper or lower chord, but if it be 
upon the upper chord, there will be no necessity for a lower 
chord. Suppose that the load is uniformly distributed over 
the whole length of the supported chord. The divisions Aa^ 
abj &c., are called bays. 

Let W = the total load, 
L = the span =^ A B^ 

N' = the number of bays in the supported chord, 
I = L -T- JSr = the length of each bay, 



* For a demonstration of the principle upon which this solution is founded 
see Appendix. 
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D = the deptli of the truss, and 
P = the load on a joint. 

• P — — 

Suppose that a weight P is placed on each of the joints a, J, 
c, &c. Then the joint D carries \ P which is at c on the 
truss h iDy and i P which is at h on the truss Ah D^ and so 
on. Hence D carries one-half the total load, or 4 P in this 
case. Similarly, h and e each carry one-fourth tihe total load, or 
2 P in this case ; and «, <?, d^ and f each carry P in this case. 
These values are the strains on the vertical struts. 

The first of equations (69) gives the strains on the ties. We 
have 

Strain on J. jr = — —-^ — P = strain gtl h g^ h % i i>, 
JDj^j e^ and e I. 

Strain on J. ^ = ^oSj ^ " = ^n "~ 

strain onh D^ D k^ and ^ ^. 

strain on C B. 

The horizontal strain in the supported chord is uniform 
throughout, and equal to the sum of the strains due to each 
truss. 

Total compression on supported chord = iP-^--t-i.2P 

?^ + i.4pli- = ipA- [1 +4 + 16 + &c., if there were 
more terms.] 

= lOi P -j^ in this case. 

ExAHFLE.~Suppofle that a Fink Truss is 96 feet long, and is divided into 
8 equal bays^ and the depth of the truss is 16 feet, and is loaded with 120 tons 
nnif onnly distributed, including its own weight. It is required to find the 
Btrams upon aU the ties and braces. 
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49. — ^KOOF BI788E8, wluch flomowhat resemble the Fink 

TniflB, as ahown in Fig. 
43, are Bomewhat com- 
mon. In this case, the 
lower ends of the sin- 
gle king-post trusses 
are in the outline of 
the main tmss. In a 
roof, this truss is placed 
in an inclined position, and sustains a vertical load (chiefly), in 
which cases the analysis of strains diflFers considerably from 
the preceding, as will be seen hereafter. If the truss is hori- 
zontal, the mode of analysis is evident from the preceding 
l)roblem. 



Fxo. 42. 




46. — I7NE<|1TAIiIiT INCLINED BRACES or TIES. — If the 

vertex JB of the truss is 
not over the middle of A C^ 
the braces A B and B C 
will be unequally inclined. 
Whatever be the charac- 
ter of the loading, sup- 
pose that tlie strain on the 
FiQ, 44 . tie J? 2? is determined. 

Let P = the part of tihe load which is supported si Dy 
Q = the strain on A By 

zr=« « « A c, 

F*j == the amount which A sustains due to the loading at 
J) (jmd does not include that part of the uniform 
load which A sustains directly), 

T^ = the reaction at 67, 
i = the angle B A D^ 
\ = 

I = the part A i?, 
1, p= " « D Cy and 
L=-l-\-l^-=-AC:=^ the total span. 



a 



(C 



« B OA, 
BAV,, 



U 
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By the principle of the lever we have^ 

Similarly, F. = -^^• 

Take any distance J. ^ to represent Fj, and draw g h paral- 
lel to A D^ and g h will represent the strain on A i?, and A h 
the strain on A B. Hence we have 

^=F,^^ = 4-P.-^^P. (80) 

^= F.g^g = -A- ^ + -^ p (81) 

1 V7» -4- 7>* 
Simikriy, ^. = J ^ P (82) 

Second Solxttiok. Take Bd to represent P. Draw ad parallel to BO^ db 
parallel to AB^ and ao parallel to AD, Then 

Q:F :: BaiBd 

•'• ^^ Bd^' 
Also Bg'.oc:: DB : .iD; ex : ctf :: (7i> : BD^ and oc : ulD;: aB : ilB 

By combining these we have -~ = ^ • 

•••« = 2e:sz)^=^5-^- <w) 

which is the same as £q. (81). 

Q iHi\ Ba: ae:: BA.AB:: ^/P + JD^ : I 
AB.DC . Ill 

•••^=2al5^=x3^'~»^^^^'« <^) 

Thibd Solxttion. J9Sa : ^ :: MTi a df^ : $in Bad, 

or : P :: cosii liin (»* + »i) 

•••«=i5r(rnr)^ <««> 

Similarly, 

6^ = 5^^:!:)^ <8^ 

Also 

eosieosix 

WTl (» 4- ti) 
In these equations if 7 = Zi ort'= ^ this case reduces that of e^tM%<fM2>h«l 
rafters, and the formulas become the same as for that case. 



n 



CO 



TBBATISK ON BBID0E8. 



If the aDgltt at J7 iB light, ^ + h = 90; and equations (85), (86) and (87) 
become 

Q=Pco8ii = P»ini (88) 

Q = re&8i =P«nh (89) 

S=Pea8icoiit = PeM%Hni (90) 

If the braoee axe equally inclined, i = h and (85), (86) and (87) become 

eosi P ^ . 

And ff = ^^,P = iP.^?!-L = :^Peoti. 
nn2% Mm 

FouBTH Solution. In the figoie we haye 

Beiea :: BD : DAot Be : H :: D :l 

dezea :: Bfifb :: BD . DC orediH :: Dzh 

Bc-¥ ed= P 



.ir= 



_ "i 



L.D 



P, as before. 



47. — If the truBB be invkktkd, as in Fig. 45, the supported 
chord becomes a straining beam, and the inclined pieces ties. 
If the load be npon the sup- 
ported chord at J9, the piece DB 
becomes a strut, and directly 
supports P ; but if P is sus- 
pended at B the only oflSce of 
J)B will be to support the chord 
at D. If the upper chord be in- 
clined upward, as in Fig. 46, and 




Fig. 45. 




Fig. 46. 



the load be suspended at Z>, the piece DC becomes a tie, a ad 
the compression upon it will be 
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If P be placed at O^ we have 



^== 



ED 
DC' 



and hence \i DC exceeds ED the compiession on CD will be 
less than P / but if the point C falls below Ey and the load 
remains at G^ the compression on CD will exceed P. 

48. — BoiiiiiWAN's TRUSS. — A skclcton or outline of Boll- 
man's Truss is shown in Fig. 47. In this case, as in many 
others, the novel feature does not consist so much in the outline 
or skeleton as in the details of construction. Mechanically 
speaking, this truss consists of a series of king-posts with 




Fig. 47. 



uneqyboiUy inclined ties. The vertical pieces are struts, and the 
long chord is commom to all the several trusses. 

The details of the construction consist in the manner of 
joining the several parts. Thus, the chord, instead of being 
continuous, is made in sections, or separate pieces of hollow cast 
iron, which abut against each other at the joints 2?, E^ H^ etc., as 
si own in Fig. 48. They are usually octagonal. The long tie 
rods, ACy AFy etc., are not attached rigidly to the lower ends 
of the posts DCy EFy etc., but instead thereof each pair, as 
A C and CB^ AF and FB^ etc., is attached to a link, which 
link is attached to the lower ends of the posts. This prevents 
cross strains upon the posts when the rods are expanded or 
contracted by changes of temperature or changes of strains. 
The rods of a pair, as A (7, (7J?, being of unequal length, will be 
unequally strained for any load (see Eqs. (81) and (82)), and 
should be proportioned to resist the strains. If they are so 
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proportioned, they, being of unequal length, will be unequally 
elongated for any change of load, and hence would tend tc 
eany the point (7 to the left li they are contracted, they 
would tend to carry the point O to the right. So of othei 
points. The link offers some flexibility at these points. 



The short diagonals in each of the panels BCFE, EFGHy 
etc., Figs. 47 and 48, serve dii-ectly to keep the joints D, E, 
etc., in place ; for if the chord is made convex upward, or if it 
becomes so relatively by the depression of some point, there is 
a tendency, due to the compression in the chord, to canee the 
convex part to rise upward, as indicated in Fig. (46). The 
panel rods will prevent such displacement They may also 
serve for giving additional security; for if made sufficiently 
strong, they may transmit the strains to the other parts in case 
one of the long tie rods breaks. Thus, if FB is broken, the 
panel rods in the diagonals DFb^A. FS^wiW carry the load to 
the posts ^Cand MG. The succession of king-posts may be 
called the pkimaht sistem, and the system of posts and tie 
rods, which, as will be shown hereafter, may form a complete 
truss by itself, may be called the secondabt ststeis. 

The long tie rods pass through slots at the ends of the chords, 
and are secured by a pin passing through an eye. A lower 
chord sometimes passes through the lower joint for supporting 
the roadway. In other casea the roadway rests upon the upper 
ohord. 



bollman's truss, 6S 

49*— anai.ysis of boi.i.]ii an's trtrss-primart systbm, 

— ^it will be observed in the prima/ry system of this truss that 
the load at each joint is carried directly to the abutments at A 
and -ff, and hence we may determine the strains upon the tie 
rods and posts for a load upon any one of the joints. Or, in 
other words, the load at a joint affects only one set of tie rods 
and one post. . 

Let I =■ AD = DE = EH^ etc., = the length of onebay^ Fig, 

\D =z DG =i the depth of the truss, 
L = AB — the span, 
N == the number of bays in AB^ 

n = the number of a bay considered, counting from either 
end. Thus^ if AD be cstlled the first bay ; DE^ the second, etc., 
HE-m^ij be called the 7i-th. This will also give the number of 
a tie counting from either end. Thus, if AC i^ the first, AF 
the second, etc., AJ will be the 72-th. 
Q^ =2 the strain on the first tie, or A (7, 
Q^ = the strain on the second tie, or AF^ 
Qn = the strain on the 7i-th tie, 
J?i = the compression on the chord due to the fii'st truss, or 

ACB, 
H^ = the compression on the chord due to the second truss, 

or AFB, 
Sn = the compression on the chord due to the n-th truss. 

In regard to the long ties it is necessary to consider only 
those which incline one way, for those which incline the same 
amcmnt in the opposite direction will evidently receive^ the 
same stress for the same load. 

For the strain upon the n-\h. tie for a load P upon any joint, 
as Sj we may generalize Equation (81) or (83), and have 



n - ^ ^^ ^) iV n*P + D' ^ 



L.D 



(91) 



Hence the strain npon any particular tie is found by giving 
to n its particular value in Equation (91). Thus, for AC make 
r^ = 1, for -4i^make n = 2, and so on. Hence, 

The strain on 1st tie is C, = {N - l)v^>~T^]D'"-^. .(92) 
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IP 

The strain on 2d tie is Q^ = (iT- 2) ^VrVT^'t3 ' '^^^^ 

IP 



a u ic u a 



u a a a u 



The strain on 3d tie is, ^, = (iT- 3) y/QF +Uf'p-.{^4c) 

In a similar way, for the strain npon the chord dne the n^th 
truss, we generalize Eq. (84), and have 

jj nl{N- n)l p 

P 
Eence the strain dne to the 1st tmss is J?] = ( JT — 1) -^r-=j P 

2d « " J3; = 2(ir-2)^P 

3d " « JT, = 3(ir-3)^P 

Tlie total stress on the chord is 

jy^ + J3; + Jy, + etc., to ffjf^i = 

[iV^4-2ir+3ir+ etc., to ilT- 1 terms - (1 + 2'1_P_ p 
+ 3' + 4:' + etc., to (iT- !)•) JZJ) 

= ^/-'p. m 

In ordinary cases the bridge will be supported by two trasses, 
and hence the strains found above nmst be divided by two to 
get the strains on each truss. 

The chord is so nearly horizontal that when the load is on the 
upper chord the strain on each post is P; but if the chord 
angles upward at any joint, the post under that joint will Sus- 
tain less than jP, but if it angles downward it will sustain more 
than Py as shown in article 47. 

If the SECOND ART STSTEM of truss rods is to insnie safety, the stnuns 
on them may be compnted by the first of Equations (69). 

Example. The f oUowing data are taken for a bridge as mannfactnzed l^ 
Charles EeUc^^ & Co. (formerly in Detroit, Mich.) 

L t= 100 feet = the span, 

JV = 8 = the number of bays, 
r. I = 1!^ = the length of one bay, 
TTi = 60 tons (net) = the weight of the frame, 
TTs = 100 tons = the assumed uniform load, 

P r= 20 tons = the maximum load at each post, and 

2> = 19 feet = the depth. 
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Beqtdxed the dimensionB of the parts when one-f onrth the statical stress is 
added for shocks. This addition is equivalent to calling P, 25 tons. Also 
consider the tenacity, per square inch, T, of wrought iron, equal to the com- 
pression, G, per square inch of cast iron, and call T = C = 11,000 Ibe. 

There were two trusses, and two rods in each truss for supportrng the load P. 

Hence by means of Eq. (91), and the above value of T, we have, counting 
from either end. 









Beotion of eaoh tia. 




Tom.' 




Sqnare Inchei. 


Stress on the 1st tie 


26.180 




1.12 


i( u 2d *' 


30.986 




1.41 


U U ^ it 


84.569 




1.57 


ii u 4^i^u 


85.198 


(middle one) 


1.63 


«« " 5th" 


82.230 




1.48 


" ** 6th" 


25.450 




1.15 


44 44 >J^ 44 


14.738 




0.74 



The compression on the upper chord will be, according to Eq. (95), 86.85 
tons = 172,700 lbs. 

If the sections were solid and octagonal, their diameter, in order to resist 
flexure with a twenty-fold security, will be, according to Eq. (58) 



=v, 



172,700 X 160* ^, . ^ 

0.87527 X 16,000,00 x 8.14'l6« 



They were 10 inches in diameter, and hollow. I do not know the thickness, 
but according to Francis* tables they should be about one inch thick for a five- 
fold security. 

The patt$ each were to sustain 10 tons, and were six inches in diameter. 

The pond rods were to sustain 10 tons, and hence, according to the first of 
Eq& (70), the strain on each would be 14.10 tons for both trusses ; and 7.475 
tons for each. Hence the section of the panel tie should be 1.26 square 
inchai 



CHAPTER III. 



TRUSSES IN WHICH THE UPPER AND LOWER CHORDS ARE 

HORIZONTAL. 

TRAPEZOIDAL TRUSS. 

ffO* — ^The fonn of the trapezoihal truss is shown in 




Pig. 49. 



Fig. 49. All parts are most strained when it is loaded throngh- 
ont, or when both joints C and D are loaded to their maximum. 
If the load is uniformly distributed over the lower chord, the 
joints G and D will each- sustain one-third of tlie total load, the 
remaining third being sustained directly by the supports A 
and B. That is, A will sustain one-sixth of the load directly, 
and B the same, and each will also sustain one-third of the load 
as it is transmitted through CE and DF^ and thence to A and, 
B^ through the braces AE and FB^ thus making one-half 
the total load as it should. But only that part of the load 
which is supported at C and D produces strains on the trussing. 
Of this load the supports A and B each sustain an amount 
epal to P. 

JMl^AC=CD=zDB, 

D=z EC, 

V = the reaction at -4, 

"Fi = the reaction at J?, and 

tf = the angle VAE. 
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fjtrain on AE = Vseo6 = 



V r + !>' 



D 



I 



Strain on AO = Vtang = -jr P 



m 

(97) 




Fig. 50. 



v'jich equals the strain on EF ^=- that on OD = that on DB, 

If tt'3 load is on the lower chord, the strain on the vertical ties 

will be P, but if it be upon the upper 

chf^vd, as in Fig. 50, the vertical pieces 

wiU simply support the lower chord, 

and hence may, in such cases, be very 

small. 

If only one joint is loaded, or when 
the load on one joint somewhat exceeds the load on the other 
joint, it may be said that the truss is unbalanced, and may 
become distorted, as shown in Fig. 51. 
For such a load the truss is not com- 
pletely braced. There should be braces 
or ties in the diagonals of the panel 
CDFE, Fig 49. 




Fig. 61. 



51.— TRUSS FULLT BRACED. — The preceding example 
shows that a truss may be braced so as not to change its form 
under a certain load, as in Fig. 49, but under other distributions 
of the load it may become distorted. In such cases it is only 
partiaMy braced. 

A TRUSS m WHICH THE PARTS ARE CONSIDERBD PERFECTLY RIGID 
AND JOINTS PERFECTLY FLEXIBLE, IS FULLY BRACED (oR SIMPLY 
braced) when THE PARTS ARE SO ARRANGED THAT IT WILL NOT v 
CHANGE ITS FORM UNDER ANY ARRANGEMENT OF THE LOAD WHICH 
IT IS INTENDED TO CARRY, 

In practice the joints are not perfectly flexible and the parts 
are elastic ^ and hence a change of form will take place for 
every change of load, but when the conditions are fulfilled ac- 
cording to the preceding hypothesis, the frame will not become 
distorted^ as in Fig. 51 ; and it is this distortion that we wish to 
prevent by bracing (or tieing). A truss may be distorted or 
broken by an excessive load which shall endanger the strength 
of the material, but this case is excluded by the definition. In 
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other words, a trusB is braced when the trussing prevents anjr 
turning about the joints beyond that which results frc»in the 
yielding of the material on account of its elasticity. 

99* — TRAPEZOIDAL TRUSS MooiFiED.— A beam is some- 
times supported, as shown in Fig. 52, in which case the thrust 
of the braces is resisted at their lower ends by the walls. The 
same thing is shown in Fig. 53, and it may be distorted, as 
shown in Fig. 64, by a partial load. 

SS. — THE STRAINS upou the Several parts of the modified 
tn(S9 may be foimd by the same formulas as given in the pre- 
ceding case. 

Fie. 68. 





Fio. 5d. 





Fio. 55. 



Fio. 64. 

54. — ^TRAPEZOIBAIi TRUSS INTERTED.-If the trUSS bo 

inverted, as shown in Fig. 55, the amount of the strains on the 

several parts will be the same as in 
the erect truss. Fig. 49, but the 
character of all the strains will be 
changed; that is, the inclined pieces 
will here be ties instead of braces, the 
supported chord and vertical pieces 

will be compressed instead of extended. If the end braces are 

unequally inclined, the mode of solution will be essentially the 

same as in the preceding case. 

j(tS« — EXASEPLES.— 1. In a trapezoidal truss, sappose that the span is 
forty feet ; length of posts eight feet, each bay one-third of the span ; the 
strain on each post, 2,000 lbs. ; required the strains on the braces and 
chords. 

Ans. Q=: 3,887 lbs. 
JET = 8,S33 lbs. 
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2^ote, — Compare these results with the fonrth example of article 85, observ- 
ing that the trass in this example carries double the load of that in the 
former. If the load is uniformly distributed, it really carries more than double, 
for in each case they cainy half the load between the ends and first joints, and 
in the case of the trapezoidal truss, the end bays are shorter than those in the 
king-post truss, thus throwing less load directly upon the abutments in the 
former than in the latter case; and hence requiring the posts or post to 
cany more. 

2. If the span is eighty feet, depth of truss sixteen feet, uniform load one 
ton per foot of length ; required the pull on the horizontal tie, and the com- 
pression on the braces and straining beam, there being three equal bays. 
Also required the proper dimensions of the braces if they are square and mad« 
of dry deal, {ybte, P = ^ the total uniform load.) 

Compare the xesoltB with the 1st example in artide 35. 



» 
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TRIANaULAB TRUSa 



UFFKB AHD IX>WKB CHORDS HOKIZOSTAL. 



AM« — ^A TBiAwevLAB TBi7fl8 is One in which the space oc- 
cupied bj the tmsB is divided into triangles by the pieces which 
compose the trass, and in which each piece inay act both as a 
tie and brace. Snch a form is shown in Figs. 60, 61, and 62. 
A triangalar trass, in which the ties and braces are eqnally 
inclined, is generally known as the ^wabkbips ookdbm, or 
'WAWtuwsa^m tbitm, although English writers generally confine 
it to a triangalar trass in which the ties and braces are inclined 
about 45 d^rees to the verticaL The Warren Girder, as con- 
strncted in England, is nsoally made of iron. A triangular 
wooden tru8$ was patented in this conntry by a Mr. Grodard, 
and called Godourd^s self-9ujp>porting truss* In this trass the 
triangles were isosceles, and the sides inclined about 30 degrees 
to the verticaL The peculiarity consisted chiefly in the modes 
of fastening the ends of the pieces. Another triangular truss 
was invented in this country which is essentially a double lat- 
tice, as shown in Fig. 68, and which by way of distinction was 
called an Isometrical Truss. The Fink Triangular Truss is 
another form which is composed partly of wood and partly of 
iron.t Another truss, called Smith's Patent, J originally com- 
posed entirely of wood, has some peculiar features, but which it 
is not necessary for our purpose to describe. 

The analysis of all triangular trusses is essentially the same. 

57. — TRIANGLES THE ONLY PBOPER FIGURES FOR 

TRUSS-nroRK. — ^The triangle is the only geometrical figure in 
which the angles cannot be changed without changing the 
lengths of the sides. Hence, to form a truss which will not 
distort when partially loaded, the truss-work should form tri- 

* See AppletoTCs Meehamds Magamu^ May, 1853, p. 141. 
f Manufactured by the LoulsyiUe Bridge and Iron Company. 
\ Manufactured by B. W. Smith, of Toledo, Ohio. 
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angular figures. But it does not follow from this that every 
such truss is completely braced. If the inclined pieces serve 
only as braces, as in Fig. 75, it may become distorted for a par- 
tial load, as in Fig. 76. Similarly, if the inclined pieces serve 
only as ties, it will be ovlj pa^tiaMy braced (tied) for certain 
partial loads, and the distortion will be of the same kind as in 
Fig. 76. In all such cases it is necessary to have braces inclined 
both ways, as in Fig. 77, or ties both ways, as in Fig. 79. It 
will be seen from this that a truss is not triangular simply 
because it is composed of triangles, but it is essential that the 
inclined pieces be tie-braces. 

98. — The following coNDmoNS titili^ be assumed in 

making an analysis of trusses. The parts will be considered as 
reduced to rigid right lines. The meeting of two or more lines 
at their common point of action will be called a joint. The 
joints vdll be considered — ^f or the present at least — as perfectly 
flexible. 

The strain will be considered uniform between adjacent 
joints ; also that the same piece cannot be subjected to tension 
and compression at the same time, but that the resultant strain 
is the algebraic sum of the two. Tension will be called +, and 
compression — . 

59. — NOTATION. — As far as practicable, the following 
notation will be common to all the cases : — 
P = the load applied at a single joint when there is but one 

weight ; 
jp = the weight at a single joint when several joints are loaded, 

and the several weights are equal to each other ; 
jPui^aj ®*C'5 = ^^® weights when they are unequal ; 
Z = the length of the span of a truss, 
I = the length of a bay, 

D = the uniform depth of a truss when the chords are pa- 
rallel, and the greatest depth if they are not pa- 
rallel ; 
= the inclination of a brace or tie to the vertical ; 
i = the inclination of a brace or tie to the horizontal ; 
w = the weight per foot of length of the dead\o2A when it is 
uniform ; 
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w' = the weight per foot of length of the Iwe load when it is 
uniform; 

8 = the weight of a unit of volume of the material' con- 
sidered ; 

TF, = the total weight of the truss ; 

W^ = the total weight of the surcharge ; 

W = the total load on the structure = TTj -h W\; 

F, = the reaction of the support at one end ; 

F, = the reaction of the support at the other end ; 

C = the modulus of compression ; 

T = the modulus of tenacity ; 

KJ=^ the section of the nrth. bay of the lower chord ; 

ITn = t^e section of the Tirth bay of the upper chord ; 

kn = the section of the n-ih tie or brace ; 

e^ = the compression of the w-th bay of the compressed chord; 

tn = the tension of the iv-th bay of the tensioned chord ; and 

S is used to denote the summation of similar quantities. 
Other notation will be given as it is needed. 

60. CASK I. — A SEMI-TBUSS HAS A SINGLE WEIGHT, P, AT 

IT IS BEQUIBED TO FIND THE STRAINS UPON 



ITS FBEE end; 



THE TIES, 



BSAGES, AND CHOSDS ; 



THE BSAGES AND TIES BEING 



EQUALLY INCLINED. 



Mrstj Consider a geometrical solution. Take a vertical line 
abj to represent P, and draw io parallel to ak^ and prolong it 




Fig. 56. 



until it meets aeinc; then will io represent the strain on ak, 
and ao the strain on ae. The weight JP is theref oi'e sustained 
at a by two forces i-epreseuted by ac and cb. It is evident 



8TBAIXS ON A SEMI-TBUS8. 73 

tliat cie pushes and ah pulls on P. The force ac Is transmit- 
ted to e. Take ed = ao, and draw dg parallel to en, and 
prolong it till it meets ek in g. Then wUl eg represent the 
strain on eh, and dg that on en. In a similar way, resolve the 
stresses at k, and so proceed to AJB. It will be observed for the 

61. — STRAINS ON THB TIBS AND BRACBS S — 1. That the 

inclined pieces are alternately compressed and extended, as 
marked in the figure ; o indicating compression, and t tension. 

2. The amount of compression and tension is the same in all 
the braces and ties, and equal to ao = P see 0. Hence, the 
vertical component of the strains is uniform over the whole 
length, and equal to P. This is evidently true whatever be the 
length of the truss. This is the same as the transverSjC shearing 
stress in a beam fixed at one end and free at the other, and has 
a load P at the free end, i, e., Ss = P, (See article 3.) 

63. — STRAINS ON THE OHORIKS. — ^Thc pull ch OU ok is 

transmitted to A through the successive parts ko, or, and rA. 
The pull of M at k, and the push of kj on the same point, 
each of which are the same in amount as o^, and which together 
equal ji, is also transmitted to ^, so that the strain of tension on 
ko is equal to io + ji. In a similar way we find that the 
strain at J. is equal to he + hk + mo + ^. = Jc + 3 Ai 
= 7 ho. In a similar way we find that the compression on 
the lower chord at jB = 3 ^ We observe : — 

1st, That the upper chord is subjected to tension throughout 
its whole length ; 

2d, The lower chord is subjected to compression throughout 
its whole length ; 

3d, The tension of the upper chord increases from the free 
end to the fixed end, and that the increments of increase are 
equal at the successive joints ; and 

4th, The compression of the lower chord increases by succes- 
sive equal increments at each of the successive joints, and is a 
maximum at the fixed end. The increments are the horizontal 
components of the strains on the ties and braces. 

The third and fourth observations are analogous to the 
moments of stress when a beam is fixed at one end and free at 
the other, and has a weight P applied at the free end. 
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Secondly, consider an analytical eolation. The strains upon 
the ties and braces are sufSciently analyzed. To find the strain 
upon the n^-th bay, as ro^ of the upper chord, we may at first 
suppose that this bay is severed, and that a horizontal force t^ 
equal to the pull on this bay is substituted for the stress. 
When TO is severed, the trass tends to turn about ^. Take q 
as the origin of moments, and erect gy perpendicular to to. 
The lever arm of P is ay ; and the lever arm of t^ is qy. 
Hence, we have 



I 



t^. qy =i P. ay r . t^ ^ 
2cb 2S 



^P = 

2y 



D 



P. 



^^*:d = -^= p ' • 

4 (A = & cb = & P tang d. 



tn = 6 cb. This equals om + kh 



63. — 0A8S n. — ^A SEMI-TBUSS HAS EQUAL WEIGHTS AT EVERY 
JOINT OF THE LOWBB CHOBD. 

' Let the truss be like the preceding one inverted, as in Fig. 




Fig. 67. 

57. Let the joint at which the weights are applied be num- 
bered in regular order, beginning with 1 at the free end. For 
convenience let the weight at 1 be called jp^; that at 2,^„ 
and so on. 

64. — STAAiNU ON TUB TIBS AND BRACES. — It is evident 
from the analysis of the preceding case that if jp, were the 
only weight on the truss, the vertical component of the strains 
would be uniform over the whole length and equal p^ ; and 
that the strain on each tie and brace due to this load would bo 
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Pi sec 0. Similarly, jp, would produce a strain of ^, sec 0^ 
on all the ties and braces between 2 and JS. Similarly, j>^ 
would produce the same strain on all between 3 and JB ; and so 
on for any number of weights. Hence, the strain on the first 
pair of braces (braces being used in a general sense to include 
inclined pieces) will be p sec 

Strain on the 2d pair = 2^ sec ^ 

Strain on the 3d pair = 3^ sec 

Strain on the 7i-th pair = n /> sec ^ (98) 

We here observe that the strain on the pair of braces 
between the loaded joints is equal. Also, the first one is 
subjected to tension, and the next to compression, and so on 
alternately to the fixed end, as shown in the figure. The wall 
supports all the weights ; hence the vertical force on the wall 
equals XP* 



OS. — TUK STRAINS ON THB OHOBBS may be found by add- 
ing the components of the strains on the ties and braces fts 
stated in the preceding case. We will thus have for the strain 
on bay 3— 4: — 

Cn = t^ sin 5 + (?! sin 5 + t^ sin 4 <?, sin + t^ sin 

= p tang -h j> tam^ + 2^ tcmg + 2 j? tam^ + 3^ 

t/im^ 

= 9^ tcmg 0. 

But the more common mode, and one which is generally the 

easiest, is to find the strain from an equation of moments, thus : — 

from the joint a? directly over 4— 3, let fall a perpendicular 

050 to 4—3. Let the stress on 4—3 be d. Taking x as the 

arigm of momenta^ and the moment of <?' will be c'xz = (/ D. 

The moment of ^, =^, x sA = 2i Ip^ 

The moment of ^, = ^, x iS 2 = IJ ^, 

The moment of ^, = ^, x « 3 = ilp^ 

Hence, we have, when^i = p^=jp^j etc. = j> 
o'i? = 4i ^ 

91 
.•.<?' = -qTJjP = ^ JP ^^ ^j ^ before. .(99) 

Generally, if n = the number of the bay, we have 

0^ = n^p tang 0. 
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X liifl will give the pnah on the lower chord at the walL The 
tension on the w^th bay of the upper chord is : — 

t^=zin{n'\- l)p -^ = n (» + 1)^ tang 0. .(100) 

If the first bay of the lower chord next to the wall is a full 
one, as in Fig. 58, the mode of solution is exactly the same, and 
the strains upon all the parts will be the same as in the preced- 
ing case for the same load, except for the piece CJEy which is 
additional in this figure, and will be subjected to a greater 
strain than any other part of the chords, but the strain is cor- 
rectly given for this bay by Equation (100). 




Fig. 58. 



66* — OPBN SWING BRiDGB. — ^Wheu a swing bridge (a kind 
of draw-bridge) is open, like Fig. 59, it is in the condition of a 




V 



girder supported at the middle and uniformly loaded. There 
may be no live load upon it^ and the several weights which are. 
due to the weight of the bridge may, without sensible error, be 
considered equal on the lower chord, in which case the analy- 
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sis of strains is the same as in Case 11. If the load is considered 
upon the upper chord, the analysis is essentially the same. 

67. — CASK III, — Suppose that a TRiAiifGULAR truss is sup- 
ported AT ITS EKDS AND LOADED AT ANT POINT OF THE UPPER CHORD. 




it c uy r dr jre 

Fig. 60. 



of 



Let the truss be represented by Fig. 60, in which the tri- 
angles are isosceles. For the uresent, neglect the weight of the 
truss. 

68 • — GEOMETRIC Ai« soiiiTTioN.— Let the weight jp be ap- 
plied at the third joint in the upper chord. Let Tj be amount 
which the support a sustains, and V^ that sustained at ff. 

Let fall the perpendicular 3 y. According to the principle 
of the lever, we have 



^yff 



ay 



Let gh! represent Fj, and construct the parallelogram ghlMy 
and hK = gi will be the strain on the chord ga^ and gh = the 
strain on the brace ^6. gi is transmitted to a through the 
chord ag ; and gh to 6 through the brace g^. Take ^'6 = gh 
and construct the parallelogram 6/^, having 6; for one side and 
jTc parallel to the upper chord for the adjacent side. Then^^ 
= Z6 will be the strain on the first bay of the upper chord, and 
^ = ^6 = the strain on the tie f^. k6 will be transferred to^ 
and Jm = ^6, resolved as before. The part Jb is trans- 
mitted through the chord until it is resisted by an equal strain 
at the opposite end. Proceed in this way with each of the 
resultants until we arrive at 3. 

Then begin at the opposite end and take ax = F„ resolve it 
and proceed as before until we arrive at the same point. 
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We thus find that the strains on the bays of the lower chord 
are : — on gf^ = to i^ ; on /^, = ^i -f /<? ; otl ed^ ^ gi -V fo 
+ eq; on d€,=z gi -^Jb -^ eg -^ dr; and so we might proceed 
to «, observing to subtract cu, etc., after passing y. But it is 
better to begin at a and thus find for the strains:— on aJ, = 
as; on ic, = as + it; on ed, =^ as + bt -\- ou^ which also 
equals rd + ge -\- of + ig. 

69* — OBSBRTATIONS ON THE PRECEDING RESULTS. — 

We observe from this solution that 

1st, The strains on all the ties and braces between 3 and g 
are equal to each other, and that the same is true of those 
between 3 and a ; but the strains on the latter exceed these on 
\ the former ii a Sis less than 3 g. 

2d, The strains on the chords are greatest at and under 3, 
where the load is applied, and are least at the ends. 

We might proceed in this way with weights applied at other 
points, but a numerical solution shows the results more clearly. 

CASE III. — Suppose that a triangular truss is loaded at 

EVERY APEX m THE UPPER CHORD. 

Let the truss have equal bays, the triangles isosceles, and let 
the weights be applied at the joints 1, 2, 3, etc., in the upper 
chord, as shown in Fig. 61. 

70. — ^DISTRIBITTION OF STRAINS ON THE TIES. — In the 

following solution of this case, I consider the effect of each 
weight by itself, and enter in the figure by the side of the piece 
a number which indicates the amount of the strain, and enter 
it in such a way as to indicate the character of the strain, 
whether it \%phis or mintis. This process I call the distribu- 
tion of strains. There may be two subdivisions of this case : 
First, when the number of bays is even ; and second, when it is 
odd. First, consider the case in which the number of bays in 
the supported chord is even, as in Fig. 61, where iT = 6. There 
will be as many joints in the upper chord as there are bays in the 
lower. In order to distinguish the several weights from each 
other, let^i be the load at 1 ; ^^ the load at 2 ; ^^ the load at 
8, and so on. Also, let v^ be the amount of j?i, which is sua- 



rSlASQiULAB TBUS8. 



79 



V, 




MCDSSS 






If-'f 






ii 



/• 




Fig. 61. 

tained at a ; t^„ the amount of ^, which is sustained at the 
same point, and so on, so that Fj = Vj + 'y, + 'y, + etc. 
Similarly, let F, = ^' + v'' H- v''' + etc. 

Let fall the perpendicular 1 y ; then, according to the prin- 
ciple of the lever, we have 

.•. v^ + v' =i>i, as it should. 

Let 6 = the inclination of the brace to the vertical ; then v' 
resolved in the direction of the brace g 6 gives for the strain on 
g 6 due to ^j; -^PiSec ^, which is compressive. This is re- 
sisted by the strains in 5— 6 and &f. The part iny 6 is tensile 
and equal \o -^jp^secO b& before, and is transmitted tof\ and 
the same amount by compression to 5 ; and so on to 1. We 
observe that all the braces which are inclined towards 1 from 
the abutment are compressed, and those which incline the 
opposite way are tensioned.* 

v^ resolved in the direction of the brace gives ^jPi see 0. 



* Hiis is comedy but it oomes in here so natural after campreaaed^ and is so 
expressive of the idea whioh is presented, that we have used it. 
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The only difference in the value of these expressions is in the 
numerators, the quantity -j^ p^ see 6 being common. Let the 
numerators represent the relative amount of the strains. 
These numerators are entered in Fig. 61, opposite ^i, j>^^ etc., 
which are placed at the right and left of the braces in the 
figure. For compressive strains the numbers are placed on the 
right-hand side of the tie-brace, and for tensile strains the 
numbers are placed on the left-hand side. Thus, beginning at 
the right hand, and opposite ^„ the number 1 is placed on the 
right side of j' 6 ; on the next one it is on the left side ; and so on. 

Next consider j?,. We have ^, = iV J^s ^^ ^y ^^^ ^' = A 
p^ sec 0. The numbers 9 and 8 are entered as above explained, 
opposite J?,. Proceed in a similar way withj?,,^^, and so on to 
the last. 

The figures which are thus entered may be called coefficients 
qfatrai/ns. 

71. — RESuiiTS.-An examination of the coefficients of strains 
in Fig. 61. readily gives the following results : — 

a. Whether the weights are equal or unequal the end braces 
are strained most when all the apexes are loaded. 

J. The strains on all the other tie-brakes are not a maadmum 
when all the apexes are loaded. For instance, if we consider 
the brace-tie c 3, we observe that p^ and p^ produce tension 
while all the others produce compression, and when all ara 
loaded it is evident that the resultant strain will be the dif 
f erence of the two strains. If all the weights are equal, the 
sum of the coefficients of compressive strains will be 16, as 
given in the figure, and the sum of the tensile strains will be 
4, which is also given in the figure. The resultant strain will be 
— 16 -I- 4 = — 12, which is placed on the right-hand side of 

c. Whether the weights are equal or unequal, the strains or. 
the tie-braces between the loaded joints are equal, but in an 
opposite sense, i.e., if one is compressed the other is tensioned. 

d. To produce a rriwjmnurrh strain on any pair, for am, uni 
form load, aU ike apexes between that pair and the remote ena 
must he loaded, and all the others unloaded. Thus the tie- 
brace c 3 will be compressed an amount represented by 16 if 
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the apexes 3, 4, 5, and 6 are loaded, and 1 and 2 unloaded ; but 
if either 1 or 2, or both, are loaded, the compressive strain will 
be diminished by just the amount of tension which they would 
produce. 

e, A raaximuin^ m the opposite sense to thefbrmery may be 
obtmned by loading frorrh the pa/i/r considered to the nea/r end 
and v/rdoading aU the rest.. Thus, if c 3 has a maximum coTfi- 
pression for the loads 3, 4, 5, and 6, it has a maximum tension 
for the loads 1 and 2. Similarly, c 2 has a maximum tension 
for the loads on 3, 4, 5, and 6, but a maximum compression for 
the loads on 1 and 2. For convenience in the further discussion 
of similar cases, call the greater maximum, or that given by 
principle d — the PRiwfAaY mAxunvM, and that given by 
principle e the sbcondart maximum. 

f. Suppose tJiat dU the apexes a/re loaded vyith equal weights. 
Add all the coefficients of strain for compression, as shown in 
the figure, and do the same for tension. Take the difference of 
these and enter them as shown in the figure. We thus find for 
the resultant strain, for the central pair, 12 for the first pair, 
each side of the centre, 24 for the next, and so on to the end, 
from which we observe, in this case, that : — 

Ist, There is no strain on the central pair of braces ; 

2d, The strains upon the tie-braces are proportional to the dis- 
tances of their lower end from the centre of the lower chord. 

Hence, the actual strains on the tie-braces are : — 

On the central pair, = 

On the first pair from the centre, = 12 x ^psec d = p seo 6 
On the second pair from the centre, = 24 x -^psecd =::2psec0 
On the third pair from the centre, =36 x^psec0 = Spseo9 
On the X pair from the centre, = xp sec 6 (101). 

With the exception of sec dj these results are the same as for 
the shearing stress on a horizontal beam which is loaded with 
equal weights at equi-distant points, and symmetrically placed 
in reference to the centre of the beam. See Eq. (17.) 

g. When the weights are unequal, any joint may be loaded so 
heavily as to determine the nature of the stra/in on all the tie- 
braces, in which case all those which incline towards the load 
will be compressed, and those which incline in the opposite 
direction will be extended. 
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If all the weights are equal, and the central pair,^, and j?^ be 
removed, there will be no strain on all the tie-braces between 2 
and 5. Similarly, if jp, and^, also be removed, there will be 
no strain on all between 1 and 6. 

73«*— FORMVLAS FOB STRAINS ON THE TIB-BRACES FOR 
A UNIFORn liOAB. 

Let N = the total number of bays in the supported chord, also 

equal to the number of joints in the unsupported 
chord ; 
n = the number of bays from one end to the foot of the 

pair which is considered ; 
X = the number of bays from the centre to the same pair, 
and 

i> = J?i =i>. —Pt = j?„etc. 
We have 

n + a? = i iV^ when n < \ N^ and 
n — aj = i iT, when n > \ If 

which in Eq. (101) gives 

x^8ec0=±(i iT- n)p8ec 6—^ {IP — 2iV^n) ^^secB 

for the strain on the tie-braces which terminate at the end of 
the Tirth hay. In the last form the quantity in the parenthesis is 
the coefficient of $tra/m8. 

This equation may also be deduced from the principle of 
shearing stress. For we have Fj = i iV^, and between lie end 
and n-\h bay the load is rvp ; hence, according to Eq. (17), we 
have aS, = i Np — np = {i IT -- n)p = J (iT— 2n)p, 
and this resolved in the direction of the brace gives 

i{If- 2n)p8ec = {iSp — np) sec 6. . . .(102) 

In this case we observe that the negative values, which result 
for n> ^ Nj apply beyond the centre, * 

* I have songlit for a f ormnla which will give the straiiis on the ties and 
braces by the simple substitution of the suooesslTe numbers 1, d, 3, etc., the 
results of which would give the strains on the successive ties and braces 
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For the end braces, a 1 or ^ 6, maie t^ = pr = iJ^ and 
Eq. (102) gives 

+ i N'psecO :=zi W^8€C0 (103) 

in which TT, is the total weight of the load. 

This solution suggests another mode of considering the prob- 
lem. Thus, in Fig. 61, the stress on the end braces iR\X p sec 
0. To find it on the next pair, conceive that the truss is sup- 

ooTintfai^ from one end, as in Fig. 61-^. This I have done by trial. We must be 
guided by Equation (102), and most make such an equation as that the results 
shall be the same when we substitute 2, as when we substitute 3 ; similarly, 
they must be the same for 4 and 5, and so on. This I do by making such an 
expression as that one term shaU disappear when thei other is reaJ. The sigrn 
of the results must also be rrdnus for the odd numbers i^om the end to the 
centre., andp^ beyond the centre ;— and ^fias for the even numbers between 
the end and centre. These results may doubtless be secured in various ways, 
but I have hit upon the f oUowing : — 
First, let n"^ = an odd number of tie-braoes i= 1, 8, 5, etc., then n' ^ 

2 n + 1 ; and Eq. 102 becomes i I 2^—n' + 1 1 1> «eo 0. This term must be 

so affected as to be minus for the first part of the truss, and at the same time 
reduce to zero when an even number is substituted for n'. 




Fig. 61-a. 



We observe that eo8 2 n'lr is always + 1 for integral values of »' ; and evi- 
iently cos 2 n'lr—cos 2 rifn = 0. The odd powers of (—1) are —1, and the even 

powers are + 1. . '. (—1)'*' ftw 2 n'^ is — 1 for all odd values of n\ Hence 

i M— !)»' e&8% n'n—tm 2 n'lr "I 
18 —1 for the odd values of n, and zero for the even values. Thus, 

If n' = 1, we have \ ["(-1) x 1 - ll = - 1. 

If n' = 2,wehavei ["(+!) x 1 - l"| = 0. 

If n' = 3, we have \ [(-1) x 1 - ll = - 1, 
and so on. Henoe, for the odd numbers of the tie-braoes, we have 
jTiT-n' +lJp««j^r(-l)«'«o«2n';r — «»2n'»J 
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ported at 1 and 6, the points where the first weights are appUed 
counting from each end. Then the stress on 1 5 and b 2 will 
be the half sum of the remaining weights multiplied "by seed; 
which is thesameas(i5'jp — Ij?) sec 0. To find it on the next 
pair, conceive that the truss is supported at 2 and 5, and we 
, have the stress on 2 c aiid c 3 equal to one-half the sum of the 
remaining weights multiplied by seed or {^'Sp — 2p) seed,. 
Hence, generally we have (i5p — rvp) sec as before. 

If ?i' = an even number of the tie-braces, we h&ve n" = 2 n, and Eq. (103) 
becomes i (JV— n'), which expression must be positive for even values of n', 
and disappear for odd values ; and as it is to be real when n^ disappears, we 
will use 7if instead of »'. Eeasoning in exactly the same way as before, and 
we have for this term 

i L"^—^ J P^^^ Tc— 1) *»'«» 2 n'lr + «M 2 n'lr I 
Hence, we Ticvoefor the strain upon the n*-th He-hrctce. 

jf_n' + l1 X [(-!)«' aw 2 n'lr - a7«2 n'irl + fjf-n' 1 x 

K— 1)«' aw 2 w'lr + aw2n'irj tip«ajtf (108a) 

EzAMFLB.— Let JV = 6 as in Fig. 61. 
Then for the flrat bnoe n' = 1 and we have I 6 x (—2) + 6x0 yiip tecO = --SptecB 

Then for the neoond tle-braoe n'= 8 and we hare I 6 x (0) + 4 x (+ 3) |^p«ee0 =+ 2p mc0 
Then for the third tie-braoe n'= 8 and we have I 4 x (-S) + 8 x (0) l^i^i} mc0 = - 8j9 aee$ 
Then for the fbi]Tthtie4naoen = 4and we have I 8 x (0) + 2 x (+8) \xpMe0= +p$ece 
Then for the flftli tie-braoe nf= 5 and we have I 8 x (-2) + 1 x (0) l^i^ j> mc9 = — j> mo« 
Then for the Bixth tte-braee n'= 6 and we have I 1 x (0)4-0 x (+2) |)i^i?Metf = 
Then for theeerenth tie-brace n'= 7 and we havel x (- 8) - 1 x (0) \xp mc = 
Then for ther' eighth tie-brace n'= Sand we have I — 1 x (0) — 8 x (+ 3 |^pMc9 =s —pMe9 

Then for the ninth tie-brace n' = 9 and we have I -8 x (—8) —8 x (0) I XP tecBs: xpteeB 

and so on. It wiU be observed that the signs change after passing the middle, 
as they should. The signs take care of themselves, and the result tells whether 
a piece is a brace or tie. 
The trigoiiometrical term may properly be called a Jfodvkts qf 8ign$, 
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73« — UNOTHBB solution; The strain on the end bzaoes is [1 + 8 

P 860 

+ 5 + 7 + etc., to jy terms] ^ ja^ = 4 ^P ^eeOtua before. The strain npon 
the pair at the end of the 7i-th bay is I (1 +3 + 5+7. . . . to (ilT—n) terms) 
— (l + 8 + 5 + ....tofi teipns) oTf ' 

pteeo 
as before. 

74« — MAxmuM STRAINS ON TBiE TIB-BRACES. — ^Tho Con- 
ditions for a maximmn strain on the tie-braces have been given, 
in dj Article 71. From the figure we see that the jprvma/ry 
ma2dmnm strain on a pair at the end of the ?2rth bay is 

Fl + 3 + 6 +. ... to (JT-n) terms"! -2^ = (N-n)*?^, 

This may also be found by the principle of shearing stress \ 
for the load is (N^rl)p to produce a maximum strain, and^ 
from the principle of the lever, we have 



r. F, = {J!r^ny^ ; 



and as there is no load between V^ and the pair considered, 
this equals the shearing stress. This multiplied by sec 0, giveg 
the actual strain ; or maxi/mwn strain on the hraces at the end 
of the 7i-th bay is 

(JT-ny^ (104) 

If the moments be taken about the other end, we hare 

r,m = (]!f-n)p X [ir-4 (ir-»)] i 

Wealsohave V, + F, = {If-n)j>.\ F, = (iT- n)p - V, 

Bnt S,= F, — {Jf— r£)p= — F, aa before, only with a con- 
trary sign. 
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Secondary maximum. An examination of the case shows 
that we may still consider (JT — n) joints loaded, but n must 
exceed iiT. Hence Eq. (104) gives the strain for the secondary 
m^iximum when n > JiT.* 

7JS, — STRAINS ON TBiB OKORBS. — JXstribution of the 
strains. 

First consider p^. -jV-Pi ^ supported at g and fJi?i at a, as 
before stated. The former is to be resolved in the direction of 
the brace g^ and of the chord gf. That in the direction of g^ 
has already been considered. That in the direction of the 
chord is evidently -jVi^i ^^^S' ^* Taking 1 to represent the 
strain as beforie, and it is placed on the lower side of gf to re- 
present tension. This straiu is transmitted through the suc- 
cessive bays until it is met by a counter-strain from the opposite 
end. At f the tie f^ produces a pull of iVi^i ^^'^ ^5 ^^^ ^^ 
brace ys a push of the same amount, so that both produce an 
increment of -^ p^ tan^ 6\ which added to the -^p^ tang 
previously found gives -^p^ tang for the total strain onfe. 
Similarly, we find -jV J^i ^^^^ ^ ^^^ ^® strain on ed^ and so on 
to haj where it is ^ jPj tang 0. Proceeding in this way with 
each of the weights, observing to pass from each end to tiie bay 
directly under the weight, and we readily find all the numbers 
which are placed below the lower chord. In the same way we 
fiud those which are placed over the upper chord. 

We observe from the figure 

1st, That the strains are all in the same sense, i. e.^ aU the 
weights produce tension on the lower chord, and compression 
on the upper ; and hence, 

2d, The chords receive their maximum strain when all the 
joints are loaded ; and 

8d, If all the weights are equal the greatest strain will be at 
the middle of the chords and least at the ends. This is similar 

* Proceeding as in the preceding /<7«>^-7ioto, and we may find for the TnaTrinrnm 
strain on the n'-th tie-brace the foUowing expression : — 
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to a beam which is supported at its ends and uniformly loaded 
over its whole length. 

This mode of determining the strains on the chords is not 
considered practical* 

The method iy moments is the usual one. 

From 1 let fall the perpendicular yl 

Let yl = j9 = the depth of the truss ; 
t^ = the tension on aby the first bay ; 
t^ = the tension on bo, the second bay ; 
tn = the tension on the n-th bay ; and 
I = ai =: tho length of a bay. 

Take the origin of moments at 1, the point about which the 
truss will turn if ab be severed. When the internal forces are 
substituted for the strains, and we consider the conditions of 
equilibrium in reference to them, we must consider the external 
forces only on one side of the section ; for the internal forces 
transmit the strains from one side of the section to the other. 
Hence, for equilibrium, we have 

V, ay = t,, yl 

for the tension on the first bay. 

For the second bay take the origin of moments at 2, the 
point about which the frame would turn in case bo were severed. 
Hence we have 

.^.t, = {sr,-2j,,)^ 

for the tension on the second bay. Similarly, 

t, = (6 F. - 4:j>, - 2i>.) ^ 

t. = (T K - 6i>. - 4i>. - 2 j>.) ^ 

U = ((2n-l)F.— (2«-2)i).-(2«-4)/>....i>.)^. (105) 
If|> =j>i =^, =^, = etc. =^« the expression becomes 
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innch Bimplified, but instead of reducing the preceding equation 
for this case, we may solve it directly from the figure, thus 

Moment of F, = V,{n — i)l = l Np (2^ — 1) Z, which 
is the moment of an upward force. There will be n downward 
loads including the one over the n-th joint ;* hence the down- 
ward load will be np. The abscissa of the centre of gravity of 
this load from the origin of moments, is i (w — 1) 2 ; and 
hence the moment of this load \&\n{^ — ^)P^' The moment 
of the tension is ^« D. Hence we have for 

The tension on the n-iii bay of the lower chord 



^„ = FiT (2 7. - 1) - 2 71 (n - 1) 1 -fA (106) 



ItD 



BSAHFLS.— Let iV = 6 ; -g = tang 6. Then Equation (106) gives 

For n = 1, *4 = ^5p tang B 
7» = 2, ^s = 14^ p tang 6 
n = df tt = W p tang 6 

n = 4, ^4 = W P ^^ff ^ 

w = 5, <s = f I p tang 8 

n = Q, ti = iip tang 9 

It will be observed thjtt the niunerators, 36, 84, 1D8, &o., are the sums of 

the strains as given in Fig. 61. 

In Eq. (106), if 7^ = i iV^, i?„ = ^—^= i ^,. -^ (107) 

in which 

W^ = the weight of the total surcharge, 
X = the span, and 
2> = the depth. 

Strams on the upper chord. 

Let Cn = the compression qn the 7^-th bay o;£ tljijB tipper.c^ord, 
and the other notation as before. 

Let all the weights be equal to each othfer. If any bay of 
the upper chord be severed, the system will turn about some 
joint of the lower chord. Take, the orisin of moments at 

*, The moment of the,\oad at the joint about which it j^ends to tiiriKis zero ; 
h^c6 it will make no difference whether we inchide , this or ' not. For the 
lever arm will be different, and the result will be the same in both cases. If it 
is not included, the load wiU:be (« — l)i>. : I 
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any joint (the /i^th) of the lower chord. The moment of V^ will 
be Vjid = i Npnl. There will be a load equal to wp acting 
down, whose lever arm (or distance from the origin of moments 
to the centre of the loading) will be \nl ; hence the moment 
of the downward forces will be \rbpl. Hence 

The strwm on the Tirth hay of the upper chord will he 

c„ =( \Nj^ - Ki>Z )-^ = (JT - n)-|^ (108) 

that is, the strains vary as the product of segments into which 
the chord is divided by the joint considered. • 

If 71 = i -STwe have 

ExAHFLB.— Let ^ = 6, and -^- = tang fl. Then Bq. (108) gives, 

For n = 1, Ci = li |) tang 
71 = 3, o« = ftptangp 

» z= 3, <J| = "W i> tang 9» etc. 
The numerators of which are the same as the sum of the strain, in the several 
bays of the upper chord in Fig. (61). 

76. — ^SUB-CASE^ IN l¥aiOH THB NUSEBBB OF BATS IN 

TSB iiOi¥BB CHORD IS ODB. — ^In the preceding case the 
number of bays in the supported chord was even. Now suppose 
that they are odd, as in Fig. 62, where JT = 5. 
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Distributing the strains in exactly the same way as before, 
and we have the numbers as given in the figure. A compari-* 
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son qi Fig. 62 with Fig. 61 shows that all the principles 
which were drawn from Fig. 61 are applicable to this, 
except that of the strains on the central braces. There it was 
zero, — ^here it is -ji^j? sec ^ = i^ sec tf. 

The cause of this difference is due to the fact that in thi£i 
case there is a load j> at the middle joint, which was not at that 
point, in the former case. The strain on the central pair here is 
the same as if no load was upon the truss except the one at the 
third joint. 

The formulas for the strains upon the chords and tie-braces 
are the same as in the preceding case. Hence Eqs. (102) (104) 
(106) and (108) are directly applicable. 

77. — iNVBHTKD TAuss. — ^If the truss is supported by the 
upper chord, as in Fig. 63, the nature of the strains will all be 
inverted; that is, the supported chord will be compressed 
instead of tensioned^ and the end tie-braces become ties instead 
of braces. But the amount of the strains on all the pieces will 
be the same as in the preceding case.* 




Fig. 63. 

78« — UTEIOHT OF THB TRUSS CONSIBEREB. — ^ThuS far 

no account of the weight of the truss has been considered. This 
\& 9, permcment ^<^bA load. Its amount cannot be accurately 
determined until the dimensions have been determined, and 
these cannot be ascertained until the total load is known. Hence, 
algebraically speaking, the weight of the truss is an implicit 
function of its dimensions, and in most cases it is impracticable 
if not impossible to make it explicit. The practical way is to 
assume the weight of the truss and find its dimensions on this 
hypothesis ; then compute the weight from these dimensions 

* To make £q. (103 a) strictly applicable to thia case wiU require a miniu 
sign before the whole expression. 
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and compare the result with the assnmed weight. If the 
bridge is properly proportioned, we see from the preceding 
analysis that the chords will be largest at the middle and 
smallest at the ends ; and the braces will be largest at the ends 
and smallest at the middle. We may, therefore, without sen- 
si I)le error assuffie that the weight of the bridge is a permanent 
imiform load. If we further assume that the weight of the 
bridge is carried at the upper apexes, we have 

W 

— =^ = w^ z=i w^ =^ w^ =. etc (109) 

in which 

TTj = the weight of the truss ; 
N = the number of bays in the lower chord ; and 
w^ = the weight on each joint due to the weight of 
the truss. 

This value of w^ substituted in Eq. (102) gives 
For the %tra/m on the tiehro/Ges at the end of the w-th hay due 
to the weight of the trvss^ 

:=zi{]V'-Qn)w,8ee0 (110) 

The differences 36, 24, 12, etc., placed opposite the tie-braces 

w 
in Fig. 61 may be considered as coeflSicients of ^-^ sec 0. 

Adding Equations (104) and (110), and we have 
The strains on the tie-braces at the end of the n-th hay when 
the weight of the truss is considered^ amd a umform load 
extends from the Wrth hay to the opposite endj hoth loads on 
t?ie upper chord / 

= HiT- 7i)'i> + (iT- 2 n) iVri^li|Al.(lll) 

* Introdaoiiig the moduli of adgna and we have the strain on the 7»'-th tie* 
brace 



= I [(2 if- «' - lYp + 4(i!r- »' + 1) JVwijx [( - IK C08%n' n 
- <»• 3 »' «] + [(2 if- n')!p+4(ir-n') Nw\ x [( - t)-' cot 2 n' ;r + 
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70.— VUCVMIOHAVmilATntlKlll).— iBt, If »» = i iT, 

thetenQContftining w, disappean; th&t is, when the namber ot 
bays in the snppcvted chord is even, the tross as an nniform 
load prodnces no strain on the central tie-iracea ; and the 
Equation becomee 

iypsec0 = ^W,geee (112 o) 

for the maximnm strain on the central tie-braces. 

2d, If »= 0, we have 

iiJVj> + J!rw,)aec0 = i WsecB (113 J) 

which gives the strain on the end braces. It always ezoeedd 
foDr times the mairimTun strain on the central pair. 

3d, If JV^= 1, wehavethecaeeof apairof rafterSjMid at the 
same time making n = 0, and we have for the strain on each 
raft«r ^ {^ -\- w^ sec By which is the same as the second of Ege. 
(68). 

4th, If « < i iT, the coefficients of p and w, are both positive, 
and hence the weight of the bridge and live load conspi/re to 
produce Btraios when the live load extends over more than half 
the length of the truss. 

6th, If « > i J^ the coefficient of wi, becomes negatwe, and 
the other term remains positive, and hence the dead and live 
loads act in opposite senses, and hence the total strain is the 
difference of the two, 

6th, If Eq. (Ill) be placed equal zero, and solved fcv », we 
have 

It may easily be shown that there will always be one value of 
n in Eq. (112), which is leas than If and greater than J If. 
Call this value % (for it reduces Eq. (Ill) to zero). The other 
value of n exceeds If, and hence is beyond the limits of the 
problem. At n^ the vertical sheuing stress is zero. 

In order to get a better idea of the results of this discussion, 
conceive in Fig. 61 that all the apexes of the npper chord ara 
loaded with equal weights, then the end brace will receive its. 
maximum strain, which is found by making » = in Eq. (1 11). 
Kow remove^, and the tie 2 1 and brace h 2 will receive their 
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maxiiaum strain, and may be found by making n = lia Eq. 
(111). Eemove^a and the tie-braces c 2 and c 3 receive their 
maximum strain, and so on, to the middle. 

As soon as we pass the middle, the resulting strains will be in 
the contrary sense to that which is produced by the permanent 
load, and liere will be a secondary maximum, the primary 
maximum being secured by the load passing off in the opposite 
direction. Continuing to remove the weights beyond the centre, 
we soon pass the point n^, and after that the only eff^ect of the 
remairmig weights as they a/re removed one after the other will 
he to relieve the strains which a/re jprod/aced hy the weight of 
the hridge. Equation (111) for n > n^ becomes negative. By 
moving in the opposite direction, the distance no will be counted 
from g. It will be observed that n represents the unloaded 
part. The tie-braces each way from the middle to the joint n^ 
are true tie-hraces, for they will be subjected to both tension and 
compression for loads which move on or off either way. And 

generally we observe that in any case those inclined \ ^^^^^^^ ( 
the point of zero shearing stress will act as j ^^ j- 

BxAMFLB.— Let J7 = 6 t0i and JV = 6 




Pia. 63-a. 
Let the reotongles on the upper choids lepresent t0i> and the spheres p. In 
Equation (111) makei!r= 6 andp = 6 Wi and it becomes [(d — w)* + 3 (3 — 

n)"! pi '^. When n = 0, we have the case shown by (a) Pig. 63-a, and the 

strain is, H pi seo B. 
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Betaining only the quantity in the parenthesiB and we have for the mazz 
mnm straiL on sJl the tie-braoea for a uniform load moving off without shock, 
by making n = 0, 1, 2, 8, eto., in Eq. (Ill), as follows : — 

For » = 0, strain on end brace or 1st half pair, = 42, «m a Fig.63-a 
n = 1, strain on end brace or 2d pair, =: 29, seeb Fig.63-a. 

n = 2, strain on end brace or 8d pair, = 18, see o Fig.63-a. 

n = 3, strain on end brace or 4th pair, =z 9, seed ¥igSS-a, 

n = 4, strain on end brace or 5th pair, = 2^ see e Fig.63-a. 

n = 5, strain on end brace or 6th pair, = — 3, seefFig.&B-a, 
n = 6, strain on end brace or 7th half pair = -~ 6, 

Those which incline towards the rear end of the load act as braces, with the 
exception of the second one from the end which remains a tie. The last one 
is the strain on the end brace dne to the weight of the trass. 

80, — PROBiiEM. — ^Find the Strain upon any tie-brace — ^ihe 
flj-th for instance — when the n-th is strained to a maximnm. 
This is equivalent to finding the strain npon any tie-brace for 
any of the cases shown in Fig. 63-a. 

81* STRAINS ON THE CHORBS UnOBN TKSS WEIGHT 

OF THE TRUSS IS CONSIDERED. 

Let W- TF; -f- TT, = the total load ; then p + w,= TT-^ 
JVy which may be substituted directly in Equations (106) and 
(108). Hence, we have for the strain on the Tirth bay of the 
lower chord 



(113) 



tn = Fir (2 n-l)-2n (n — l)l ^^^' I 

And for the compression on the /i-th bay of the upper chord 
c, = (Jiy-n)^{j> + w,) (114) 

83. — DIMENSIONS OF THE TIES. 

Let ^= the section of a tie ; 

T = the modulus of tenacity ; and 
/= the factor of safety = J to ^ for iron, and -^ for 
wood. 
Then /KT = the working resistance, which must equal the 
strain given by Eq. (Ill) ; 

.^./KT =Uj!f-nyp + (ir_ 2 n) JITt^, 1^ 
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.-. K = Lj!f-nyj> + (iT- 2 n) Nw\^^.. .(115) 

In which for a maxiimim n should not exceed \ N. If several 
ties are used to resist the strain at any point, this valne must be 
divided between them. In the case of bridges there are always 
two or more trusses, and the above values should be divided 
by two or more, and sometimes there are two or more ties in the 
same truss to resist the strains at any point. When n exceeds 
i JTin Eq. (Ill), the resulting values of the equation show the 
strains which will fall upon the fastenings at the end when a 
piece which is ordinarily a brace becomes a tie. In wooden 
structures the parts are rarely proportioned so as to vary accord- 
ing to the strains, but they are proportioned to carry the great- 
est strains, and all the other pieces are made of the same size. 
Conventional sizes are also sought even at the expense of some 
waste of timber, for the aggregate cost is generally diminished 
by so doing. 



g3. — DIMENSIONS OF TSiE BRACES. — The braccs are gene- 
rally so long that they may be considered as short or else as long 
columns. 

Let h = one side of a brace if it is rectangular ; 

d = the other, 5 < ^ ; 

m = the number of braces used to carry a strain ; 

f = the factor of safety ; and 
Then from (58), we have 

V = \iN-n)^p 4- iN-^ n) nJ^ ^^|^ 

If the braces are round, their total section will be mTrr" in 
which r is the radius of the cylindrical column ; and t may be 
found from Equations (60), (61), (62), (63), (64), or (65), as the 
case may be, combined with Equation (111). 

84* — ^DIMENSIONS OF THE CMORDS. — The dimensions of 
tlie chords may be f oxmd in the same way as the ties and 
braces. 
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CA8B IT, — ^TbIAKGULAB TBUBS LOADED AT THE JOINTB OF THE 
8UFP0BTED OHOBD. 

85. — BiSTBiBUTioN OF STRAINS. — ^In Fig. 64 the nxunber 
of bays in the supported chord is odd, and equal to five. As 




before, calling the weight at 1, j?„ at 2, ^„ etc., and we find 
that Fi sustains four-fifths of j^^ ; and V^, one-fifth otp^. The 
proper figures are entered on the upper part of the truss, those 
representing compression being on the right, and tension on 
the left of the respective pieces, as in the preceding case. 




iV=^^ 



Fig. 65. 



In a similar way we find the distribution of the strains when 
the number of bays is even (six) as in Fig. 65. 
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An examination of Figs. 64 and 65, compared with Articles 
97 and 102, shows that they present no new jprmcijples. There 
is a difference in the numerical results which is due to the fact 
that the load in this case is supported on one less apex thim 
there are bays. We observe here that the two tie-braces at 
each end receive the same strain, so that we may count them 
by pairs, the nrih pair corresponding to the w^th bay. 

86. — STRESS ON THE TIE-BRACBS* — Ist, FoV equol Wci^^^ 

on every joint. 
The total load = (If -l)p 

... F, = F, == 4 (i^ -l)i> . 

The number of weights between the end, as a, and tike 
fir-th pair, is n —1. Hence, the shearing stress on the n-ih pair 

is y 

. • . strain on Tj^th pair due to the^'« is, 

= i (ir-2 n +1) J9 5^c ^ (116) 

strain on n-\h pair due to the weight of truss is 

=:^{N-2n-\-l)w,8eG0 (117) 

and the strain on nr\h pair due to the jo'^, and weight of truss, k 
= i(ir- 2 n + 1)(^ -h w,)8ecd,... (118) 

In this case the total weight of the truss is supposed to be 
supported at the joints of the lower chord. This is done for 
convenience in the investigation. A part of the weight is evi- 
dently supported at the joints in the upper chord, and the re- 
mainder at the joints of the lower chord. This modification of 
the case will be considered hereafter. 

The above result may also be found by summing the series of 
coefficients, and multiplying the result by p sec 0^ as in the 
preceding case. Thus, 

ri-f 2+3+4+ ^^(iV^-^)#<3r77w -(1 + 2+3-1- to(^-l) 

terms) ]^p =i jr(i»r-2n+l)^^ 

2d, Maxim/wm strain for equal weights. An examination 
of Figs. 64 and 65 shows the same result as before, that to 
produce a maadmwn stress on the n-ih poA/r of hraces the 
7 
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load must eastend from that pair to the remote endy amd the 
remainmg part he wHoaded. ThiB principle iB general for all 
trasses with parallel horizontal chords. In this case we have 
{n —1) unloaded joints, and If —n loaded ones. Hence, for 
the maximum stress on the nrth pair of braces we have 

ri+2 + 3+etc.,....to(ir-n)^^?rw«|-2-^=(J^ n) 

(itr-n+l)^ (119) 

Or by the principle of ehearing stress, we have 
S,= F. = (iT- n) (ilT- n +1) ^ 



2JV 
or 

5. = F. - (ilT- n)p = [(JV-n) - F.]/)- (JT -n)p = - F. 

as before, with a contrary sign. This multiplied by sec gives 
the stress as before. In the former expression, Sg = F, because 
there is no load between F, and the ti-th pair to be subtracted. 

3d, Maximum stress for a partial unifo^^m li/ve load and a 
total dead load. The latter includes the weight of the truss. 
Adding Equations (117) and (119) gives 

The maximum^ stravti on the Tt-tiipair of tie-braces for tmi- 
form weights imhcding the weight of the truss. 

J{ir--n){]!r^n+l)p + {J!r-2n+l)Jfwl^^ (120) 

in which for a primary maximum n = or < i JVl 
This equation may be discussed in the same way as Eq. (111).* 



* By nnmbering the tie-braoes as in Fig. 66, and introdaoiDg a tnoduhu qf 
Hgns, we have 
The fnacBknum strain tm the 7i'-th Ue-hrace, 




Fig. 66. 
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87. — OBNKRAii SEETHOD. — ^For parallel horizontal chords 
the shearing stress multiplied by the secant of the inclination 
of the tie-braces, gives the stress on the ties and braces at that 
section. 

The reason is evident, for the chords do not sustain any trans- 
verse stress (when the joints are perfectly flexible as we are now 
supposing), and hence it is all sustained by the ties and braces. 
The value of the transverse shearing stress is given in Article 
84 of the author's ^^ Besistance of Materials." It is simply the 
resultant vertical force. Hence, if 
V^ = the reaction of one support ; 
T^ = the reaction of the other support; 
So^jp = the sum of all the weights between F^ and the end of 

the firth bay ; and 
2o^~* P = the sum of all the weights from the end of the nr-th 

bay to "Fi ; we have 

s.= F, - 5:o"i> = - ( r. - 5'/-"i>) (121) 

and the stress will he S^sec (122) 

It is easy to show, from Eq. (121), that ihe primary rnamrn/um 
is obtained for a uniform load, when the longer segment is 
loaded and the shorter unloaded. 

88. — PBOBi^Ens to he solved hy Equation (121). 

1. Find the strain on the aj-th pair of braces when the n-th 
receives its maximum for equal weights, the weight of the truss 
being included. 

2. Suppose that JTis odd and that equal weights are placed 
on the even joints, required the strain on the tie-braces between 
the n-th and (n + 1) weights ; the weight of the truss not con- 
sidered. 

3. Let i?. = 2p, ; jp, = 3p, ; ^, = 4p, etc., p^ = np, re- 

= j Un — n') (ilT— n' +1) p+(2jr^2 «' +1) ilTwil x [ ( -I)-' om 2 n% 
- «»2 n' irl + XiN- riT) (N- iC +l)p + (ilT-S »' +1) Nw^ x U -I)'' 
«»2n'ir + aw2-' " ^^ 
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quired the shearing stress between the 1st and 2d load; the 
3d and 4th ; the (n — 1)^ and n**. There being iT bays in 
the lower chord, and the load on the lower chord. 

4. Find the strain on the n-th. tie-brace when all the joints in 
the upper and lower chords are equally loaded. 

In this case the load may be equally distributed on both 




Fig. 67 

chords, or it may all be on the lower chord, but in the latter 
case the weights at the middle of each bay must be supported 
directly by vertical ties which transmit the stress directly to the 
joints in the upper chord. The vertical ties are not essential parts 
of the truss. The strains are not transmitted through them as 
they pass from joint to joint. They simply transmit the load 
to a joint. In this case each of the essential tie-braces receives 
a different strain, and hence we find the strain upon the firth. 
tie-brace directly (not upon a pair). The braces are numbered 
in their order as shown in Fig. 67. ITie strain on the 7^-th ti^ 
hrace is * 

(iT- 71 + i)p8eo0. (123) 

* In this case we get a siinple modulus of signs ^ for the signs wiU change 
with each snccessive piece. Calling tension + and compression — , and 
observing that the first brace is compressed and we hare immediately — ^ the 
strain on the n-'* tie-brace = (—1)" {W ^ n + i) p see $. If the trass be 
inverted, we have — (— 1)" {If ^ n ■\- i) p see 6 

Kr. J. Bnrkdtt Webb, class of 1871, University of MieJUgcm, was the first to 
snggest to me the manner of nnmbering shown in Fig. 67. By placing the 
figures in the angles as shown in the Fig., he maJces them number the de- 
braces ; and also the bays of the chords at the same time. 

If 2f= the total nnmber of tie-braces ; i iV wiU be the nnmber of bays in 
the lower chord ; or if Z = i the length of a bay, the total span wiU be 

Mr. Webb then gives the following equations : — 

"iV+ 1 — 2?* T wtnir 
2 pu6 9 eosnm 
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5. Find the rruzximum strain on the ^th tie-brace when the 
Kve load is so placed as to produce a maximum, and the weight 
of the dead load is equal at all the joints of the upper and 
lower chords. 

Ans. 1(2 iT- 7i) (2 jr- n + l)p + {2 iT- 2 n + 1) 



2-ar^.]^^ (124) 



4ir 



6. Find the strain on the x tie-brace in the preceding prob- 
lem. 

7. If the weights increase as the natural numbers from the 
first joint, that is, if the load on the first joint is^ (this will not 
produce strains on the truss), on the second joint 2p ; on the 
thirds Sj>; and so on, required the stress on the 7i-th tie-brace. 

8. In the preceding problem, if successive weights are re- 
moved, beginning at 1, what will be the maximum strain on 
the firth brace ? 

89, — STRAINS ON THB CHORDS. — Strain on the supported 
chord. In Fig. 64, let the bay 2 •— 3 be the n-th, conceive that 
this bay is severed, and instead of the strain, suppose that an 
equal stress, tny is substituted therefor. Taking the origin of 
moments at d^ and the moment of F, will be V^{n^-.i) I; 
and of the (n — l)p^s, the moment will hei (n — '^Y jpl ; hence 
if the weight of the truss is considered, we have 

tn = TiT- 1) {p + «».) {n-^)-{n- !)• {p + «,.)! 
YD (^^^) 

for the strain on the tie-braces, and 

, r ptanedn tJULlLl r 

4 2 

for the chords. 

These give the straios on all the parts of a Warren girder for equal loads 
throughout. When the upper joints are loaded use the upper signs ; when 
the lower joints are loaded use the lower signs ; and when both upper and 
lower joints are loaded use both signs, that is, omit the ambiguous term 
and change the denominator to 2." 
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(126) 



In a similar way we find that 

The strain on the n^th bay of the upper chord ia 

> 

^ = (J^r-njnip +w,)-^-j^ 

wr 

If fi = i iT, Eq. (126) gives i^ 

•O, — ^PROBLBM. — ^Find the stress on the fi-th bay of the 
lower chord in Fig. 67. Also on the T^-th bay of the npper 
chord. 



01. — EXABIPI^ES. 1. Suppose that a triangnlaT trussed bridge is 120 
feet long dear span, each bay ten feet long, and the depth ten feet. Re- 
quired the stresses due to a uniform dead load of sixty tons uniformly distri- 
buted over its whole length. 

Here I, = 120 feet; iir=13; 

2 = 10 feet; p = 5 tons; 

D = 10 feet; sec. 6 = 1.118; 

tang. 6 = i; No. of tie-braoes = 24 

From Eq. (102) we have 

The stress on the 1st and 24th — 83.54 tans. 

The stress on the 2d and 23d +27.95 

The stress on the 3d and 22d —27.95 

The stress on the 4th and 21st. + 22.36 

The stress on the 5th and 20th. — 22.36 

The stress on the 6th and 19th + 16.77 

The stress on the 7th and 18th — 16.77 

The stress on the 8thandl7th +11.18 

The stress on the 9th and 16th — 11.18 

The stress on the 10th and 15th. + 5.59 

The stress on the 11th and 14th. — 5.59 

The stress on the 12th and 13th 0.00 

Strains an the Chords. — ^Eq. (106) gives for the stxain on the lower ohord, 
1st bay, 15 tons; 2d, 40 tons; 3d, 60 tons; 4th, 75 tons; 5th, 85 tons; 6th, 90 
tons. 

The stresses upon the bays of the upper chord are 27^ tons ; 50 tons ; 67^ 
tons ; SO tons ; 87^ tons ; and if we conceive an exceedingly short bay at the 
middle, we have, by making n = 6 in the equation, 90 tons, the same as at the 
middle of the lower chord. 

If the truss in the preceding example is made of wood whose weight is 50 
lbs. i>er cubic foot, and the section of the ports proportional to the stresses, 
we may readily find that the weight of the truss will be about 7 tons ; but if 
the braces are proportioned as colunms, the weight will exceed this amount. 
The roadway and certain iron fastenings, etc., which are not included in the 
computation, would probably bring the weight up to 12 tons or more. 
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2. Let the length and depth of the truss be as in the preceding example. 
Assume that the weight of the trass is 15 tons (net), and the live load 60 tons, 
which is concentrated at the joints of the upper chord in equal amountfli 
Bequired the maximum strain upon the tie-braces as the load moves off 
without shock Use Eq. (Ill) for the strains on the tie-braces. 

Maximum stress on the 

Bint DifC Second DUE. 

Ist . . - 41.03 

6.76 
2d and 3d ... ±85.17 «..47 

6.29 
4th and 5th... ±28.88 0.47 

6.82 
6th and 7th... ±23.06 0.47 

6.35 
8th and »th... ± 17.71 0.47 

4.88 
10th and 11th. . . ± 12.83 0.47 

4.41 
12th and 13th... ± 8.42 (middle pair) 0.47 

3.9 
14th and 15th. . . ± 4.48 (secondaiy maximum) 0.47 

3.47 
16th and 17th. . . ± 1.01 (secondary maximum) 0.47 

3.00 

18th and 19th... ± 1.99 

Between the 17th and 18th the signs change, and the values after the 17th, 
which are found by the formula, are the amounts which the live load relieves 
the stresses which are due to the dead load. 

3. Let X = 60 feet ; 2 = 5 feet \ D = 10 feet; Fi = 30 ; TTa = 40 toow 
on the upper chord. Bequired the maximum strains as the live load moves 
off without shock. 

We have JT = 12 ; 2^Wi = 30 tons ; w^ = 2J tons ; p = S^ tons *, see $ = 
1.03. 

4. What must be the relation between the live and dead loads, both uniform 
and on the upper chord, so that the maximum strain on the end braces shall be 
(B times the maximum strain on the central pair ? JV may be odd or even. 

5. What must be the relation between the live and dead loads, so that the 
point of zero shearing shall be at iviV; or no = xHT. x will be a fraction. 
Discuss the result, and show the limiting values of ox. 



93. — MINIMCUltt AMOUNT OF RIATERIAIi. — It is practicallj 

impossible to make a direct explicit solution of the problem for 
determining the minimum amount of material for a bridge of 
given span and load. The simple reason is — ^the functions are 
too complex. For instance, consider a Warren girder m which 
the load is upon the v/pper joints^ and JUT even. 
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Let the ties be of iron, and the braces and tie-braces be of 
wood. The section of the former will be 

in which T = the modulus of tenacity, and 
F=^ the pulling strain. 
The section of the latter will be 

V = I J A, 

V o 

in which I = the length of the piece; 

h = one side of the square section 

C^ = a constant depending upon the kind of 

material used ; and 
Q = the pushing force. 

The value of F, Eq. (Ill), or 

F^ \{N- nyp + (iV^ - 2 71 iV) «^,1-SV ^^^^ 

substituted in the value of k given above, and n made = 1, 2, 
8, etc., to i iVi will give a series of values which may be 
summed into a single expression. 

The successive values of Q may be found from the same 
equation by making ti = 0, 1, 2, etc., to i iT — 1, which, substi- 
tuted in the value of V given above, gives another series which 
is not so easily summed. Near the middle of the truss we 
should determine whether a tie-brace when proportioned as a 
brace will not also serve as a tie, and if so it should not be con^ 
gidered in the preceding expression. It is thus seen, without 
any further considerationB, that the problem is a very complex 
one. 

Having found the sections of the pieces, we proceed to find 
the total volume. Thus, let 

Z = the length of the span ; 

I = the length of a bay ; 
D = the depth of the truss ; and 

= the inclination of a tie-brace. 

Then I = — ^ ; and tang = -^j— 
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The length of a tie-brace — D sec d\ and the transverse sec- 
tions as found above multiplied by D sec 0y and the results 
added will give the volume of the tie-braces. In a similar way 
the volume of the chords may be found, and the total volume 
is to be a minimum. But the problem is too complicated to 
make its solution of any practical ^alue in this connection. 

The problem becomes much simplified by supposing that the 
sections of the several pieces are directly proportional to the 
strains to which they are subjected. This case was solved by 
WiUiam Bouton, Class of 1865, Univ. of Mich, (See Jov/r. 
Frank. Inst, Vol. LXXX., p. 80). As the hypothesis which he 
assumed is rarely realized in practice, I will not reproduce his 
solution, but will give in the following table some of the results 
of his analysis : — 



TABLE 



CHm/ag the inclmation of the ti&iraces and the relation he- 
tween the length and depth of a Wa/nren girder for a mini' 
nymrh a/mount of material when tJie sections a/re proportional 
to the stresses. 



VALUES OP 







JT 


P 


SPAN -1- DEPTH. 


6 

9 

12 

40 

50 


i 


i 




W 11' 
16** 14' 
14" 37' 

8" 8' 
7*'28' 


4.17 

5.03 

6.25 

11.43 

13.11 



The problem which has usually been given under this head 
is — Tojmd the inclination of the hraces and ties so as to give 
a mini/nhum amount of material^ the sections heing proportional 
to the stresses to which they are svhjected. 

In this case, using the same notation as before, wc have 
K = the section of any brace or tie ; 
D sec =^ the length of a brace ; and 
L -x- D ta/ng = the number of tie-braces. 
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. • , — = TT = tte Tolume of all the braces, vbich. is to 

Dtarig 6 ' 

be a minimum. From Eq. (118) we see that Ovaries aa sec 0, 
and also with n, but in determining the inclination wc are not 
concerned with the latter ; therefore the eesentially variable 
part of the above expresBion becomes 

s^±_ 1 

tang cos sin 
vhich is a minimum for = 45°. 

But when the braces are proportioned as columns, this solu- 
tion becomes of no practical value. 

03, — PROPEB LENGTH OF THE BATS. — The length of the 
bays is, within certain limits, an arbitraiy quantity. If too long 
they must be proportioned to resist a transverse strain as well 
as tension and compression. After the engineer has fixed upon 
tie length of the bay and the depth of the truss, he may find that 
a single system of trussing will give too small an inclination to 
the tie-braces for economy ; in which case a double, triple, or 
multiple system may be used, as shown in the following cases. 

94.— CASE T.— DOTTBI.B TRIJi.NBITI.AK SYSTEM WITH THE 
LOAD ON THE JOINTS OF THE SCPPOBXED CHOBD, 



This is sometimes called a half LA-rnos. 

OS. — STRESS ON THE TiB-BBACEs — The proper mode of 

analyzing this truss is to consider it as composed of two simple 
triangular trusses. The truss A ab ed ef, etc, is the same as 
Fig. 64, with the load on the supported chord, and the S3m- 
tem^ars^-uvwiCjetCiis essentially the same as Fig. €2, since 
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iu botli cases the first load ia one-balf a h&j from the supported 
end. Hence, the eti-aim in the former system are given by Eq. 
(120) and in the latter by Eq. (111). The end brace Aaia com- 
mon to both systemB, and the stress on it ia i Sjp see $. 

96. — sTBEss OH THB CHORDS. — The stress upon the several 
bays of the chords may be found by treating the two trusses 
separately, as in the preceding article. Thus, to find the stress 
on td, f^st find it on hdot the eystem ^a5ct:?e, etc., which 
will be given by Eq. (125) ; secondly, find it on tv of the system 
Aarttuv, etc., which will be given by Eq. (106), and thirdly, 
add the results for the stress on id; the part which is common 
to both hd and tv, 

97. — TOWNE's iiATTNE IS a multiple triangular system, as 
shown in Fig. 69. It was designed many years since, long be- 
fore iron was used in this country, for bridges. It is com- 
posed of planks of uniform thickness and width, placed at equal 
distances from each other, and having equal inclinations in 
opposite directions. The planks are secured to each other at 
their eroseinga by wooden pins — sometimes called tree-nailfl. 



The chords are also formed of planks of the same size as the 
lattice-work, and arranged so as to break joints. If the system 
is doubled, they are separated by one of the stringers of the 
chord, as shown in the '*citoss section" in the flgm^. The 
construction is evidently very simple, and may be made by an 
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ordinary carpenter. They may be made by the mile, and cut 
off by the yard to Buit the occasion, Notwitiistanding their sim- 
plicity they have proved themselves to be very efficient in sup- 
porting loads. A railroad bridge on this plan has been in use 
for many years over the Hudson Eiver, at Troy, N. Y., and 
is now in good condition. Trusses on this plan have been made 
of flat strips of iron, which were riveted together at their cross- 
ings. Samples of such structures may be seen at Schenectady 
and Home, N. T., on the New York Central Railroad. 

98. — ANAi^YSis OF TowifE's i<ATTi€B, — Siucc the chords 

are of uniform size throughout, we have only to determine the 

proper size for them at the middle of the span. Suppose that 

the load is uniformly distributed over the whole length. 

Let W = the total uniform load including the weight of the 

bridge ; 
Z = the span ; 

D = the depth of the truss; and 
JT= the pull at the middle of the lower chord, or com 
pression at the middle of the upper chord. 
Then 

If there are two chords this stress will be divided by two, 
and the quotient used for determining the size of the chords. 

To determine the strength of the lattice-work, let a vertical sec- 
tion, as rn n, Fig. 69, be made near the end of the truss, and let 
m = the total number of tie-braces cut by the vertical 
plane in all the trusses which carry the given load ; 
k = the section of each tie-brace ; 
C =^T = the modulus of strength ; and 
= the inclination of the tie-braces. 
Then 

m Th cos 6 will equal the vertical shearing strefiSp 

.\mTkco8e = ^W 

W 



m = 



2kTcos0 
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This is an approximate solation, bnt it is enfficiently exact 
for a wooden truss of this kind, in which the trussing and 
chords are uniform throughout ; but in the case of an iron 
lattice, where it would result in a saving if the parts were 
properly proportioned, a more exact aoaljeis is desirable, which 
may be made aa in the following article. 

90. — ANAIiTSlS OF THE nCE.I'IPE.B TBIANaCI.AB BTS> 

■TKn. — Let there be foar systems of triangular trusses, as in 
Fig. 70. We here consider the efEect on each system, as if the 



others did not exist, and then conceive that they are combined 
by being placed side by side so that their spans will coincide. 
Thus, beginning with p^, we see that j)„ p^, p„ and^„ are car- 
ried by one system. Similarly, p„ p„ p,„ and^„ are carried 
by another system, and so on. The stress on each diagonal due 
to each weight may easily be fonnd by the methods already 
explained. The diagonals which incline to the right in the 
figure are numbered from 1 to 17 inclusive. 

Es^KFLR. — Let Uifl span be 120 feet, deptii of tnus 15 feet, aod 4 
ajfEtema of liglit-ai^ed triangles, ae in Vig. 70. Let the penn&aent load due 
to the weight of the bridge be 2i tons at each apex, and the moving load S 
toDsat eaoh apex. 

Then Pi =p, =p, = etc., = 5 tons; 
V, = m tons ; 

JV = 16 = the number of bays in the apan ; and 
* = 45". 

.% MB e = 1.414 

Oondderpi. The horizontal distance between it and A iaone bay; and 
between it and B is IS bayt ; hence, A camea ij pi and B h Pi ', ^^ -^ rauriea 
\i of a ton and B f^ot a ton. The strain on the brace nnmbered 1 wiQ be 
4t X 1.414 = 6.625 tons. Betaining only one deoimal figure, and the lesnlt, 
6.6, ia entered in the following table. 
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The stress on the braces — 5, ' 9, 13, and 17 due to pi is the same on 
each, and is ft x 1.414 = ih ot that on brace 1) = 0.441 -h. Retaining 
only one decimal as before, and the results are entered in the preceding* table; 

The stress on brace 2, due to p^ia^ip^ x 1.414 = 6.186, which e»ll 6.2 as 
in the table. Proceed in this way with each of the weigbtB) and enter the 
results in the table. 

In this example, + is for tension, and — for compression. The maximum 
tension is found by adding all the + values in each horizontal line, and the 
maximum compression by adding all the corresponding — values. These 
results are given in the columns marked " Max. — p '* and ** Max. + p." The 
values of the strains due to the weight of the bridge, t(7i , are evidently one-half 
the strains which would resxdt from loading every joint in the upper chord 
withp ; and hence may be found by taking one-half the algebraic sum of the 
-{- p*8 and — p'a. The results are entered in the column marked + Wi, 

The strains in the columns -f- p and — p are those due to a live load ; those 
for — p being the strains due to a load moving off to the right, and those of 
+ p due to the same load moving off to the left. Those in the column + v>i 
are the strains due to a permanent uniform load. 

The maximum strains due to both the Uve and dead loads are evidently the 
algebraic sum of the strains due to each acting separately. These results are 
entered in the two last columns, the minus values being the strains due to the 
live load moving off to the right when the weight of the bridge is considered, 
and the other the effect of moving to the left. 



lOO. — AiniBlGUITir IN REGARD TO STRAINS IN CERTAIN 

CASES, — It has been shown, in article 71, that when the joints 
are equally loaded and symmetrically placed in reference to the 
centre, that all the tie-braces between the two most central pair 
of loads receive no strains. K this were generally true the 
strain due to the weight j9, on the brace at the right of ^^, would 
be balanced by the strain on 9 due to the equal weight p^ ; in 
which case neither would receive any stress due to an uniform 
load throughout. But an examination of the figure shows that 
the stress on 9 due to j?. does not pass through the system of 
which jp, is a member. If the truss were only half as deep, the 
two tie-braces mentioned would belong to the same system. 
An ambiguity here arises as to which way the strains will 
definitely pass ; whether they will pass wholly by their own 
system, or partly by one and partly by the other. If propor- 
tioned according to an exact analysis, that hypothesis should be 
assumed which will give the greatest stress on any particular 
piece. This case is analogous to that of a rigid beam or frame 
which is supported by four or more props, in which case it is 
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impossible to tell exactly how much is supported by each prop. 
If supported by three props, it is easy to tell the amount sus- 
tained by each. 

101, 1IFARRBN98 GIRDBR KOBIFIBD. Betuming UOW 

to the more simple form of the triangular tmss with equally 
inclined tie-braces, if we conceive that the load remains on the 
supported chord, as in Fig. 65, and that the upper joints are 
carried forward any amount, as for instance, until one-half the 
tie-braces are vertical, as in Fig. 71, it is evident from the way 




Fig. 71. 

that the change has been made, as well as from an examination 
of the distributed strains^ that the only difference in the two 
cases is in the secant of the inclination of the pieces, and hence 
Eq. (120) is applicable to this form. 

If the joints are loaded in any manner, the more general case 
is shown by Fig. 72, in which t denotes tension and c compres- 
sion. 




Pig. 73. 



If now the right-hand half of the upper joints of Fig. 71 be 
moved to the left, so as to bring e indefinitely near d^ we shall 
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have the case shown in Fig. 73, which is shown in a still more 
general way in Fig. 74, in which the numbers are omitted and 
the character of the strains is indicated by the letters c and t 




Pio. 78. 



de •/ 




Fig. 74 

This is also a triangular truss, and to which Eq. (120) is 
directly applicable. If every joint be loaded, as in Fig. 75, 
then the inclined pieces will be subjected to compression only ; 
but if there be an eccentric load, or in other words more load 
on one side of the centre than on the other, and the inclined 
pieces are arranged and secured so as to resist only compression 
(or tension), the truss may become distorted, as shown in Fig. 
76. 





Fig. 75. 



Fig. 76. 



This kind of distortion is prevented by the arrangement of 

tikepcmd system, which will now be explained. 
8 
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TYPE FORM OF HOWE'S TRUSS. 

109, — If now we introduce braces in each of the diagonals 
which incline in the opposite direction to those in Fig. 73, to re- 
ceive by compression the strains of tension which, in Fig. 73, fall 
upon the inclined pieces, we shall have the form shown in 
Fig. 77. 




Fio. 77. 

By this arrangement tie-braoes are entirely eliminated, for it 
will be observed that all the inclined pieces are hraceSy being 
tmbjected to compressive strains only ; and the vertical ones to 
tension only. 

The TYFB FORM of this style of truss is called the hodtb 

TRUSS* 

TYPE FORM OF PRATT'S TRUSS. 

103. — ^In Fig. 72, if the joints of the left half of the upper 
chord be moved outward so as to make the end brace vertical, 
we shall have the form shown in Fig. 78, which is also a 




triangular truss, and to which Eq. (120) is directly applicable. 

If now we introduce diagonal rods to resist by tension the 
stress of compression, which, in Fig. 78, act upon the tie-braces, 
we shall have the form shown in Fig. 79, in which all the 
inclined pieces are tie^, and hence the vertical ones are strata ; 
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Fia. 79. 

and hence in this case we have no ti&iraoes. The ttpe forbc 
of this trass is called a pratt truss. 



PANEL SYSTEM. 

104* — The Howe and Pratt trusses come under the more 
general head of the panel system. The pand system consists 
of a system of trussing in which a part of the pieces are 
vertical or nearly so ; and of inclined pieces so arranged that 
neither are subjected to opposite strains. As the latter prin- 
ciple applies to cases in which the chords are not parallel, and 
in which the vertical members (so called) are somewhat itt- 
clined, the still more general term of quadrangular system is 
sometimes used. 

K panel is one of the rectangular (or quadrangular) spaces 
1 J 2, Fig. 79, included between two verticals and the chords. 

A diagonal is an inclined piece which crosses a panel 
obliquely. The diagonal in the " Howe Type " is a hrace ; 
and in a " Pratt Type " it is a tie. 

The verticals in the "Howe Type" are ties^ and in the 
" Pratt Type " they are struts or posts. 



105. — ukaximum strbsson thk diagonals. — Profosi- 
TiON. — When the vertical members are exactly vertioal, thk 

stress on the DLIGONALS IS THE SAME WHETHER THE LOAD BR 
UPON THE UPPER OR LOWER CHORD, OR UPON BOTH. 

In Fig. 80, for instance, if a weight rests at 3, and J 3 is a tie, 
that portion of the weight which is sustained by the support at 
A will be transmitted through the tie & 3. But if J 3i is a brace 
it cannot transmit this stress, but instead thereof it will be first 
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tawpBinitted to <?, and thence to A through the brace c 2. The 
same reasoning applies if the load is placed at c. Hence, A 
will carry the same amoont whether the load beat 3 or c. 




Fig. 80. 

Or, more generally, we observe that the vertical forces 

between i 2 and c 3 are transmitted from one side of the panel 

* to the other through the diagonals, and hence it makes no 

difference where the load is placed, provided the points of 

application are in the same vertical. 

An examination of Fig. 80 shows tliat to produce a maximum 
stress on any diagonal, the truss must be loaded from that 
diagonal to the end towards which the diagonal acts. For 
example, if i 3, Fig. 80, is a brace, the maximum stress on it will 
be induced by a load from 2 to A; but if c 2 is a brace, the 
maximum stress will be induced by a load from 3 to ^. If c 2 
were a tie, the maximum stress on it would be induced by a 
load extending from 2 to A. 

Let Jf = the number of bays in the chord ; 

n = the number of the brace or tie considered, counting 
from either end. This will also equal the number of 
bays in the supported chord between the end and the 
brace (or tie) which is being considered, including the 
bay which is in the same panel as the brace (or tie) ; 
, . it also represents the part which has no live load ; 
jp = one of the equal weights of the live load ; 
^o^ = one of the equal weights of the dead load ; 
== the inclination of a brace (or tie) ; and 
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F, = the reaction of the support at the end from which n 
is counted. 
Then, if it is so loaded with equal weights at the joints, as to 
produce a maximum strain upon the n-th. brace (or tie) we have 

yr (iT— n) (iV^— n + 1) 1 /Tir IN 

Vi = ^ 2If' ^ "^ * ^ ^ "^^ 

Subtracting {n — 1) w^ from this, which is all the load between 
the end and the iv-iii diagonal, and we have 

S. = ["(iT- ^0 (iT- n + l)i> + (iT- 2 7* + 1) ^^, |2l^^ 

which, multiplied by the sec gives for 

The Tnaximum stress on the riAh hrace {or tie) of the pomd 
system, for equal weights of live and of dead loads^ the load 
being either on the upper or lower chords or on hoth : — 

F -\ (xY- n) {If- n +l)p'\seoJ^ , 
^*~ L +(^-2 7i+l)iri^j2ir ^""^^^ 

which is the same as Eq. (120). 

106. — BISCUSSION OF Bai^ATION (128). 

1. Let i\r = 2, and ti = 1, and Eq. (128) becomes 

\{p '\' w^ seoO. 

This is the case of the king-post truss, and the preceding 
Equation is substantially the same as the second of Eqs. (68). 

2. Let i^r=: 3, the case of the queen-post or trapezoidal 
truss, and we have 

J?; == Ts ^n)(4 -7i)j? + (4- 2/1) SiiT, 1 ??|^ 

in which, if n = 1, we have 

i?[ = ( j:> + w^ sec 6 

which is substantially the same as Eq. (96). 
If n = 2, we have 

F^=^\pseo0 
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in which w^ disappears, as it should. This is the case in which 
a weight j> is placed at one of the joints, and the other one is 
unloaded as in Fig. 51, and ^p 8ec is the stress which would! 
fall upon a diagonal GZ^ Fig. 49. 

3. If 71 = 1, we have from (128) 

i^=i[(ir-l)(p -bwS] seed. (129) 

And ohserving, that for a load tmiformly distributed over the 
whole length, each support would sustain ^Ifi^p-^ w^\ and it 
appears that the end braces carry less than one-half the total 
load. This is because one-half the load on each of the end bays, 
when the load is uniformly distributed, is carried directly by 
the abutments, and hence the strains due to this part of the 
load are not transmitted through the trussing. This shows a 
distinction between a load uniformly distributed and one com- 
posed of equal weights placed at the joints, and will be noticed 
hereafter. 

4. For equal weights throughout, the term 

i(ir- 2n ^ l)w,sec0 (129a) 

gives the strains on all the diagonals ; and if n = J (iV -f 1), 
(129-a) reduces to zero, which shows that for an odd number of 
bays and uniform load there will be no strain on the braces in 
the central panel. See Fig. 49. 

5. If the weight of the truss be neiglected, w^ = 0, and 

gives the stress on the n-th. diagonal. This becomes zero for 
n = i\r, orn = iir+ 1; the later value of which being beyond 
the truss, does not belong to the practical part of the prob- 
lem. 

6. For n less than i (iT + 1) both terms of Eq. (128) are 
positive, and hence when the live load extends over more than 
half the length of the truss, the dead and live loads conspire to 
produce strains. 

7. For n greater than i {If + 1), the first term (containing 
p) remains positive, but the second term (containing w^ be- 
comes negative ; and hence, when the shorter segment only is 
loaded the live and dead loads act against each other in produc- 
ing strains. 
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8. If we place Eq. (128) equal to zero, and solve for ti, we find 



which gives the brace on which there is no strain. To make 
the nature of this equation clear, suppose that a live and dead 
load, consisting of equal weights, is placed at every joint of the 
upper or lower chord, in which case the stress on the first brace 
is a maximum for that load. Then remove the weight at one 
end which represents the live load, and we shall have the maxi- 
mum stress on the second brace. Remove the second weight of 
the live load, and we have the maximum stress on the third brace, 
and so on ; the stress on each successive brace being a maximum 
although less than that on the preceding until, after pass- 
ing the middle, we find a brace which has no stress, or which 
has a negative stress. The exact point at which the stress 
changes signs is given by Eq. (130). In other words, if we 
conceive a live load moving off from a bridge, the braces just 
under the rear end of the load will receive their maximum 
stress for that load, and the braces under action will incline 
towards the rear end of the load ; but there will be a point at 
which there will be no stress ; and beyond that point no braces 
which incline towards the load are necessary. This is illustrated 
by Fig. 81. The peculiarity shown in the chords will be 
noticed hereafter. The strains due to the live load after it 
passes iV^ (see next page) will simply relieve the remaining braces 
of a portion of the strain which is due to the permanent load. 




There are two values of n in Eq. (130), one of which exceeds 
i (iT + 1) and is less than J\^ and the other value exceeds iT, 
and hence does not belong to the practical part of the prol>- 



120 TBKATISS OK BEIDOES. 

lem. That value has only a theoretical signification. Call the 
former value n^. We also find, by assuming values for iTthat 
the value of n^, is generally fractional ; but as ti is the number 
of a brace, and as there are no fractional braces, we retain only 
the integral part of n«. If n^ is an integer, it shows that there 
is no stress on the r^-th brace (it is neutral), and hence practically 
we only need n^ — 1. 

Let Uf, = that value of n in Eq. (130), which i& < N and 

>i(^+ 1); and 

ITo = the integral part of n^ ; or if no is an integer = 
»^ — 1 ; then 

JUTo = the number of braces (or ties) which should in- 
cline one way counting from the end ; and 

Hr — Ifo = tJ^© number of panels in which only one 
brace (tie) is needed, as in Fig. 81. 

107. — ^A C017NTEB-BIIACB is ouc which inclines in the 
opposite direction from a main brace. The main braces incline 
from the end. The counter-braces incline from the middle. 
An examination of Fig. 81 shows that the counter-braces 
beyond the middle (counting from either end) incline the same 
way as the main braces between the end and middle ; and the 
analysis in the preceding article shows that the formula which 
is applicable to main braces is also applicable to counter-braces. 
According to this mode of reasoning, a counter-brace possesses 
no peculiarity which is not common to a main-brace, andhence 
the term counter-hracej in an analytical sense, is unnecessary 
but in practice its use is common. Still using the term, we 
have, analytically, 

^ — 4 ( JT -h 1) = the number of panels, each side of the 
centre, which require counter-diagonals, andhence on both sides 
of the centre including the central one we have 

2 i\7^ — i\r= the number of panels in each truss in which 

diagonals should incline both ways ; and 
2 (-ST — J^) = the number of panels which require main 

diagonals only; and 
JBT ^ UTo = the number of panels near each end which 
do not require counter-diagonals. 



OOTJKTEB-BBAOBS. 



121 



108. — VAIilTBS OF No* 

Toihle. — Yalues of No^ or the n/wmher of braces {or ties) which 
shotdd indinefrom either end in the Panel System. 
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25 



Nwmher of pa/nels near each end which need no cov/nter' 

diagonals. 
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24 
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109. — JBXAlfEPI^ES* — 1. In a trass of the Panel System, let the dlear 
span be 120 feet, and the depfch from centre to centre of chords be 10 feet ; and 
the length of each bay be 10 feet ; total weight of the truss 60 tons ; live load 60 
tons when it extends over the whole length of the truss. Beqnired the maxi- 



122 TSBATI8B ON BBIDOBS. 

mnm stress on the diagonalB as the liye load moves off without shook. (We 
assume in this that the live load is equiyalent to equal weights placed at the 
joints.) 
We havep = Wj = (fj = 6) tons = 10,000 lbs. 

i\r = 12 ; «« tf = ««j 45« = 4/2 = 1.4142. 

These yalnes in £q. (128) and n made equal to 1, 2, 3, etc., give : — 

First Difl. Beoond DUl, 

Stress on Ist brace := 155,562 lbs. 

27,106 
Stress on 2d brace - 128,456 lbs. 1,178 

25 928 
Stress on 3d brace =:= 102,528 lbs. ' 1,178 

24,750 
Stress on 4th brace = 77,778 lbs. 1,178 

28 572 
Stress on 5th brace = 54,206 lbs. ' 1,178 

22,394 
Stress on 6th brace = 31,812 lbs. 1,178 



Stress on 7th brace := 10,596 lbs. 
Stress on 8th brace = (negative) 



21,216 



Hence no is between 7 and 8, and i^To = 7 in this example ; and hence only one 
counter-brace is required according to this series ; and only two in the whole 
truss. 

2. The following are the actual dimension of a bridge truss. Length = 100 
feet, ^ = 8 .-. i = 12neet. 2> = 19 feet. r. seed =: 1.2. Weight of bridge 
Wi = 60 tons ; uniform live load W^ = 100 tons (net). . *. p = 12^ tons, 
and wi 7i tons. 

There were two trusses, but by computing as if there were but one, we find 
for the maximum stress as follows : — 

On the 1st diagonal, 84 tons ; 2d, 61f tons ; 8d, 41f tons ; 4th, 23| tons ; 
5th, 6f tons ; and on the 6th it is negative ; hence three panels need no 
counter-diagonals. 

3. The following are the dimensions of a Whipple bridge (see Fig. 89) on 
the Albany and Rutland Railroad near Troy, K. Y. 

Total length 147 feet ; dear span, X = 145 feet ; JV = 14 . •. Z = 10^ feet ; 
J) = 21i feet ; sec 6 =1.1. Total weight of the bridge 61^ tons, . *. lOi = 44 
tons. Assume that the live load is one ton per mnning foot ; and hence p = 
101^ tons. Required the maximuTn strains on the ties. (The truss is also 17 
feet wide from out to out ; suspension ties 31 feet. There were two trusses.) 

4. If in a panel truss y = 12, and it la found that for a live and dead load, 
the maximum stress on the 3d diagonal is 21.9 tons ; and on the 4th it is 16.8 
tons ; see d = 1.2 \ required the values of p and Wi, and the total weight of 
the truss. Ans. TT, = 24 tons. 

5. It If = 10 and p = 12 tons, and it is found that the sU'ain on the 7th 
brace is zero when the live load is on the three end joints ; required Wt or the 
weight of the bridge. 

6. I have used for illustration a model bridge of 12 panels which weighed 
i8 lbs., and I found that the maximum stress on the fourth brace for 
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equal weights on 8 end joints was 21 lbs. ; ««; 9 = 1.4. Required the value 
of one of the equal weights, p. 

7. Suppose that a panel truss is so loaded with equal weights as to produce 
maximum strains on the following diagonals :— on the second diagonal^ 6,448 
lbs. ; on the fourth, 4,208 lbs. ; and on the tenth, 680 lbs. It sec $ = l.Q, 
required the number of panels in the truss ; the weight of the bridge, and 
the weight of the live load. 

8. Two trusses each weigh 10 tons, TTa = 20 tons on each ; one has 10 
INmels, the other 20 panels ; the total length and see d the same in both. 
Required the stress on the fifth brace of the former and tenth of the latter ; 
and show why they are not the same. 

110. — OENKRAIi TAI4IJB OF TBEB SBCOND DIFFKRBNCES. 

— ^In Eq. (128) make n = ly and we have 

For n = 2, we have 

2^ ^i?+i(ir- 3) w, J sec 

Per n = 3, we have 

2 if -P+4(^- 5) w, I seed 

The difference between the second and first of these values is 



[2ir-2 _, 1 . 
-g-y^i) + wA sec 



Between the second and third, it is 






These are the first two terms of the first differences. The 
difference between these is 

^seo 

which is the constant value of the second differences. 
In the first example above, this becomes 

6 X 2,000 X 1.414:2 „ . . ^^. ,. 
—Ta lbs., = 1,178J lbs. 
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The first tenii of the first difference, as given above, is 

["(l - ^) J' + ^.1 «^ ^ ^Fi^ X l^.^^O + 10,000"] X 

1.4142 = 27,106 lbs. The successive terms in the column of 
first differences may be found by the successive subtractions of 
the second differences = 1,178 lbs. (omitting the i lb.). 

The stress on the first brace is i {If — 1) (jp -{- w^ see 6 = 
i X 11 X 10 X 20,000 X 1.4142 = 155,562, and by subtract- 
ing, successively, the successive first differences, the actual strains 
may be found. 

111. — STRESS ON ANT DIAGONAIi* — KeQUIBED THE STRESS 
ON .THE aJ-TH DIAGONAL WHEN THE TEUSS IS SO LOADED WITH LIVE 
AND DEAD LOADS AS TO PRODUCE A MAXIMUM ON THE n-TH 
DIAGONAL. 

Let If = the total number of bays in the supported chord ; 
p = one of the equal weights of the live load ; 
w^ = one of the equal weights of the dead load ; 
6 — the inclination of a diagonal ; 
n = the number of a diagonal which receives the maxi- 
mum stress ; and 
X = the number of the diagonal which is considered. 
There are two cases : — 

1st, for a? < n, and 
2d, for X > n, 

1st, For aj < 71 we find the stress, by deducting from the 
value of "F"i, which is given just before Eq. (128), all the load 
between the end and the aj-th brace, which is (a?— 1) w^ and mul- 
tiplying the remainder by sec 0. 

.-. F^ = I (If- n) (If -- n + l)p -h {If - 2 X + 1) IfwA 

f^ w 

2d, For X > nwe use the same principle, but the load to be 
deducted will be {x ^ 1) w^ H- (x — n)j>; hence we have 

F^ = \{(J/'- n) (If- 71 + 1) - 2 If(x - n))j} + (i^- 



2x + 1) JV'w, 



] 
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2^^^ 



(132) 



These equations may be discussed in the same way as Eq. 
(128), but they are not of much practical value, since the parts 
should always be proportioned to resist the maximum stress. 

Example. — If a bridge has 10 bays, and the permanent load on each joint 
is lOt = i ton, and the transient load p = l ton, required the stress on all the 
braces when the third receives the tnn-TinrmTn stress. 

113. — rNiFORMiiT DISTRIBUTED liOAD. — A load Uni- 
formly distributed over a portion of the span, as in Fig. 82, is 
not the same as if equal weights were placed upon the truss 




from c to B. We are considering the joints as perfectly 
flexible ; hence the joint c carries one-half of the load on c dy 
but only a fractional part of that ona o; and the other part on 
a is carried by a. If the load extends from a to -ff, then the 
load on c is one- half that on a c and g d^ and that on a is one- 
half that on a g. Hence, it appears that it is impossible to 
produce equal weights at the joints for a uniform load, except 
when the load extends over the wliole length of the truss. Let 
us therefore ascertain how far the load must extend to produce 
a maximum stress on the n-th diagonal, which, in Fig. 82, is the 
diagonal a e. 
Let i\r, Tij andjp, be the same as before ; 
w = the load per foot of length ; 
X = b G .'. w X == the load onb g; and 
I z= aG. 



w X 



/. the joint a sustains directly i ~=— , and e sustains 
directly !i^(^. 
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It is evident that the maximnm stress on <ie is the difiFerence 
of the stresses on ae and^ due to the uniform load. The stress 
onyj>— or that which tends to produce a stress onfo — ^is that due 
to the stress on «, and that on ae that due to the load on c, and 
also on all the joints between c and B ; but as the latter is con- 
stant, we have occasion now to consider oidy the load wx on ac. 

Of the load on a, B sustains — j^ x i -y-, and of the load 

on <?, A sustains — j^ x wx — j — • 

Hence, the stress on ae due to both is the difference of these 
multiplied by sec 0, or 

which is to be a maximum. 



/. 2 (n - 1) aj - 2 (iT - n) (Z - a?) = 



N-^n 



X = 



^-1 



and the whole length of the load is hB = oj + (ilT — w) Z = 
{N—ny 



'iT-r 



m 



The fraction -=^= is constant, and its value is equal to the 

span divided into one less number of divisions than there are 
bays in the chord. Hence, to produce a maximimi stress for an 
uniform load, conceive that the span is divided into one less 
number of spaces than there are bays, and that for the succes- 
sive braces the maximum stress is produced when the uniform 
load extends from the division under the brace to the end 
towards which it inclines. The maximum thus produced, 
including the dead and live loads, is 






wl -h i wl X 



iT-Tl 






sec 6 
\ (133) 



+i(i\r-2« + 1)« 
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which is less than that produced by equal weights placed at the 
joints ; and hence the formulas previously developed are on the 
safe side. 



113. — STRESS ON THB TERTicAiiS. — Accordiug to prin- 
ciple c, article 71, if the load is on the supported chord the 
stress on the n-th vertical is the same as the vertical component 
of stress on the /^th diagonal. The same may be seen by 
examining Fig. 80. It must be observed, however, that unne- 
cessary members are not included in the count. In the case of 
the Howe tyjpe^ the outline of the truss is trapezoidal in form, 
as in Fig. 77, although practically it is usually made rectan- 
gular, somewhat like Fig. 79. In the Pratt type^ the truss 
is usually rectangular, as in Fig. 79, but if it is supported at the 
upper chord, it may be trapezoidal, like Fig. 77, inverted. 
In either or any of these cases, principle e oi. article 71 is appli- 
cable. Hence if the load is upon the supported chord we have 
only to make ^^ ^ = 1 in Eq. (128) for the maximum stress 
on the 7i-th vertical. Hence 

The 7/iaadmum stress on the iv-^ vertical of the pa/nd system 
for equal weights placed on the supported chord is 

\{N- n) (iT- 71 +l)i> + (iT- 2/1 + 1) iTt^, 1^ . . . (134) 

in which n must not exceed i i\7! 

If the load be upon the upper chord. Fig. 80, the maximum 
stress on the verticals may be found by subtracting p + w^ 
from the preceding expression. Or we may observe that the 
stress on the Ti-th vertical is the same as the vertical component 
of the stress on the (n + 1)*^ diagonal brace. 

Hence m the ^^ Howe type^^ with equal weights on the 
unsupported chords the maximMm stress on the {n — 1)*^ ver-- 
tical is gvoen hy Equation (134), by substituting the proper 
value for n. Thus, for the 5th vertical make n = 6. 

If the load be upon the upper chord, in Fig. 79, the stress on 
the n-th vertical is the same as the vertical component of the 
stress on the (n -^ If^ diagonal tie. Hence, in this case Eq. 
(134) gives the stress on the (?* + If^ vertical. 
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KoTB 1. — This zeaMming appears direct, rixnple, and correot, bat it is not- 
difficult to raise doubts as to its aocuracj in the minds of some.* Tbus, in 
Fig. 80, if the joints from 2 to ^ are loaded, the stress on Aa^ al, 16, and b2, 
has been fonnd toheVi $ec6; and the valne of Vi is the som of all the com- 
ponents of the seyeral weights which are sustained at A, For instance, ip% 
is supported at A, But the whole of p^ is transmitted throngh 2btob, Should 

we not therefore add to the Yslue found bj £q. (134) { jpa or generally — i^ P? I 

say that it would be incorrect to add — =^p. The formula is correct without 

it, for it may be shown that the formula recognizes the fact that all of pa is 
transmitted through 62. I observe, 1st, that if pt were the only load, then it 
would be necessaiy to add } p* mo to the reaction Vi see 6; ox to^ p^ seeO* 
but in this case 63 would be strained as well as 61. The eoeffldent due to p^ on 
63 is 2. I observe. 2d, that Pi produces a stress on ^ of 2 ; and hence the result- 
ant stress on 63 and «2 is zero ; and so far as these two weights are concerned 
they might be removed. The resultant stress on the vertical i^ip + ip= ip 
= j», which is the value of p^ whenp = p, == p4. So that the formula leads 
to the correct result. The addition of t^e weights ps andps does not affect 
the stress just found ; but these additions add to the stress on 62 and e2. 

We state then, generally, that the vertical component of the main brace 
gives the stress on one or the other of the adjacent verticals for any distribution 
of the load eseeept when the eounter-hraee im the next panel m strained; in which 
ease the vertical component of the stress on the counter-brace mtist be added to the 
former. 

It is evident that both the main and counter in the same panel cannot be 
strained at the same time by the action of a load. 

The reasoning here given may be made more evident by using Fig. 49. If 
we there add fe) to the result given by the formula for the stress on 27(7, we 
shall have |p, for the p at (7, +ip, for the p at 2> (which together makep, which 
is the amount carried at A), +ip at (7 for the amount carried at B; making 
ipto he carried by EG. But it is evident that EC and FJ) both carry only 
2p and hence each carries p. This shows the absurdity of adding the fractional 
part of p which is carried by the opposite support when the counter diagonal 
is not strained. 

Note 2. — The student may think that in practical cases confusion n^y 
arise in distinguishing between the Pratt and Howe types, and the position of 
the loading whether it be upon the supported or unsupported chords. But 
computations in such cases are made deliberately, and suitable checks are put 
upon the work ; and if there be any doubt in regard to the proper formula, it 
is better to consider the effect of each weight separately upon each piece of 
the truss, and tabulate the results, as on page 110. In the case of bridges 
— especially rail-road bridges — the load is rarely composed of egnujU weights 
at the joints ; for the locomotive is often two or three times as heavy as the 
same length of any portion of the remainder of the train, in which case the 
formulas previously given are not applicable. They may be used by applying 

* See Tratuwht^t Xng. PodtO-Book, p. STB, inotnding foot-note. Also Am, B. B, Time: 
April 17. 1860. 
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*ihem to all tliat portion of the load which is nniform, and tlien adding the 
effect of the extra load or loads which are applied at the joint or joints. 

Note 8. — ^As a check upon the work the problem may be solved geometri- 
cally and the results determined by a scale. There are seyeral ways of doing 
this. One is by the method nsed in Fig 00. Another is by the method of 
diagrams as developed by Bankine and Clerk Maxwell, and which is illnstrated 
in Figs. 40 and 41. The latter method when well understood is easily applied 
and gives satisfactory results. Geometrical methods are exceedingly valuable 
for% securing general results, and checking analytical work. They are more 
reliable for general results than analytical methods, for laige errors are lest 
likely to happen ; but they are not as precise, for they do not give the nearest 
fraction as certainly as numerical computations do. 

1 14. — STRESS UPON THB csioRDs* — The maximom stress 
npon all parts of the chords, for equal weights at the joints, 
exists when all the joints are loaded. Eemembering that for 
statical equilibrium the algebraic sum of the moments of all 
the external forces will be zero, and we readily find the reac- 
tion Fi of the support. Fig. 80, by taking the moments of all 
the weights and the reaction, about the point g. To find the 
internal stress, we may conceive that one of the chords is severed ; 
as, for instance, the bay 3 — 4, Fig. 80, and suppose that an exter- 
nal force is substituted for the stress. Then take the origin of 
moments at the point about which the system would turn if the 
stress-force were removed.* Thus, if the bay 3 — 4 be severed, 
the system will evidently tend to turn about c. It will generally 
tend to turn about that joint which is nearer the centre, for a 
uniform load. In this case if dZ were in action, instead of (A^ 
it would tend to turn about d. 

Let t^ = the stress on the n-^A bay of the lower chord (a» 
3-4, Fig. 80); 
c» = the stress on the n-^A bay of the upper chorf (a^ 

D = the depth of the truss ; 
and the other notation as .previously used. , 

J^or stress on the lower chord, we have the follovriing equa- 
tion of moments : 

V^ n I — j9, (/I — 1) Z —J?, (ti — 2) Z — etc., to n tem3|Bi . . 
= tnD (135): 

* It is not necessaiy to take the origjn of moments at this point, but by so 
doin^ the solution is simplified, because it eliminates some of the nibmentji 
which might otherwise appear. 

9 
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and if jp, = j>, = jf), = etc., we have 

i (j^r - 1) nlj> - i n (n - l)pl = t^D, 
and if the weight of the tniss be included, as it should be, 
we finally have, by reduction, after substituting (j> + w^ for^, 

tn = {Jr^n)n(p + w,)^ (136) 

in which n must not exceed ^ JTfor -flTeven, or ^ (JV + 1) for 
JV odd. (If, however, the two central bays 2-3 and 3-4 be 
considered as one, the formula will give the stress on the bays 
from n = lion = {JV — 1.) 

Stress on the upper chord. — ^If we call ai (Fig. 80) the first 
bay of the upper chord, bo the second, and so on, and calling ho 
the ^th, and taking the origin of moments at 2, we find the 
same result as in the preceding equation. 

It is well to observe that instead of dealing with the series 
given above for the weights J5?„ p^j etc., we may find the total 
value of their moment by multiplying their sum by the distance 
of their centre of action from the origin of moments. 

An analysis of the Pratt System, Fig. 79, gives exactly 
the 6ame formula, if in the lower chord we neglect .4. 1 in 
the count for the number of the bay. Thus, 1-2 would be 
called the first bay. 

It makes no difference in any of these cases whether the load 
be upon the upper or lower chord. 

Hence, in the panel system for a uniform load throughout, 
Ae stress on the chords varies as the product of the segments 
into which the span is divided by the joint about which the 
frame would turn if the bay were severed. Fig. 81 is an illus- 
tration of this law. 

If » = i ilT we have for the stress at the middle of the span 

J^... (13Y) 

1 IS; — ^BxAMPLBfl.— 1. L^ p = Wi =6 tons (net), iV= 12, d = 4S® .'. 
I = Zl Beqnired the^ stress on «ach bay of tiie lower chord, Howe Type. 
From Eq. (186) we readily find :— 

e, = 66 tons; t^ = 100; t» = 135 • U = 160; U = 175; t. = 180 
Th^Wl, 45^ 35 25 15 6 

BeiQDddiff. 10 10 10 10 
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If. l l i ^ p ak ed iiie depth so that the stresB at the middle ahall equal one-half 
tbe total load. Use Equation (137). 

8. Required the depA so that the stress at the middle shall equal of 

n-th 

the total load. 

4. Ill z= 2>, BSidp = tOi ; and for a uniform load the stress on the second 
bay is 82 tons ; and on the fourth bay it is 48 tons. Bequired the number of 
bays ai^d the value of the uniform load. 

5. For uniform live and dead loads, the stress on the first bay is 32^ tons ; 
on the second, 42 tons ; on the fourth, 72 tons ; on the sixth, 90 tons ; on the 
eighth, 96 tons. Required the total number of bays, the weight of the live and 
dead loads, the depth of the truss, and the leng^ of one bay. 

Ana i\r = 16, p = 2 tons, v>i = 1 ton, and I = i>. 

116, — liOAD OONCSNTBATBD AT ONB JTOINT. — ^If a load 

JP i/3 concentrated at one joint ; as, for instance, at the end of 
the nrih. bay, and the weight of the truss be also considered ; 
we have, if we count n from the end at which Fj is used : 

and the shearing stress on the o^th diagonal is 

and hence the stress on the x-th. diagonal, for a; < n 

I^x = \i (-2^- 2x+l)w, +^^^p] 8eo0.{lS8) 

and for x > nitis 

F^=fi (iT- 2 flj + 1) «7, - J.P I seed . . ..(139) 

These Equations may be discussed in the same way as Equa- 
tion (128), but there is not much advantage in doing so, 
since we rarely have to deal with the effect of a single weight. 
Bridges, in practical cases, are loaded at several points at the 
same time, and it is always on the safe side to assume that they 
are loaded throughout. Still there are cases, especially in long 
spans, in which we may err unnecessarily on the safe side by 
assuming a load equal, for instance, to a train of locomotives. 
It may be advisable to consider a train as a uniform load equal 
to that of a train of loaded freight cars, and then add the excess 
of the weight of the locomotive over that of the freight cars. 
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This being the case, we should have a uniform dead load, a 
partial uniform live load, and a concentrated load, in which 
case the maximum stress on the n-th diagonal would be 



[ 



(iT - «) (iT - a? H- 1) ^ + (iV^ - 2 n + 1) i\r t«;, 

+ 2(ir-n) pl^fV ^^^^ 

But it may be better in such cases as that just considered»to 
solve the problem numerically, for each position of the load, 
instead of relying upon a formula and using the foi*mula as a 
check upon the work. 

EXAmPliKS.— 1. A bridge 36 feet long; each bay 3 feet; deptih4feet^ 
weight 1800 lbs. A weight of 200 lbs. is placed on the 9th yertical tie. 
Beqnixed the strain on each of the bnuses. 

Here i^T = 12 ; sec « = 125 ; to, = 150 Rw. ; P = 200 ; 

n = 9, which substitiited in Eq. (138) giyes : — Strain on 1st brace, 
1093f lbs. ; 2d, 906i lbs ; 3d, 718f lbs. ; 4th, 531i lbs. ; 5th, 343f lbs. ; 6th, 
156^ lbs. ; 7th, —31^ lb& ; hence it is +31i Ibsw on the brace inclined the 
other way from the preceding. As there are six main braces, it appears that 
for this case no counter-braces are necessary. 8th, — 218f lbs. ; 9th, —406^. 
For the main braces beyond the 9th, use Eq. (139), or we may use Eq. (138) by 
counting from die other end, in which case 7i = 3, and a; = 1, 2, 3. In eithex 
case we find strain on 10th, 843f lbs. ; 11th, 1031i tbs. ; 12th, 1218f tba. It 
will be seen that this series has the common difference 187^^, and the difference 
of the stresses on braces eqni-distant from the ends is 125 lbs. 

2. If JV = 10; n = 8; P = 8 w,; where is the vertical force zero} 

Ans. no = 7.1. 

3. If JV = 10 ; P = 8 tOi, where most P be applied so tiiat the vertical 
force at thM point shall be zero ? Ans. n = 7^. 

4. If ^ = 8, required the greatest concentrated load which is allowable 
when there are no counter-braces. Here n = 5; iV" = 8. . *. P = 1^ Wi. 

Suppose there is one counter-brace ; then n = 6^ and we find P = 6 tOi. 

In a similar way we may proceed when there are two or more concentrated 
loads. We would find that for two concentrated loads each equal P, placed 
equi-distant from the ends, that the strain on the braces between the loads 
would be due to the weight of the bridge only. , 

1 17, — 8TRBSS ON THIS CHORBS FOR AN VNEI^UAI^I^T DlSh 

TRiRUTEB liO AD. — When the load is unequally distributed th6 
maximum stress may not be at the middle of the span, but the 
actual stress on any bay may be found by means of Equation 
(185). 
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Ills.— MUi^TiPi^B ST8TBM. — ^If in the simple system, for 
& given depth of truss and inclination of diagonals the bays 
would be too long, they may be reduced in length by causing 
the diagonals to cross one or two verticals, as in Figs. 89 and 92. 
Such cases may be analyzed, approximately, as in article 97, or 
more exactly by supposing that the truss is divided into two or 
more simple trusses, as in article 99. 

MINIMUM AMOUNT OP MATERIAL. 

It is hardly possible, by a direct solution, to find aU the con- 
ditions for a minimum amount of material in a truss which is 
tjomposed of many parts, and all of whose parts are correctly 
proportioned to resist the stresses to which they are subjected. 
The reason of this will appear hereafter. We may, however, 
solve some of the more simple cases, and from them derive 
some important hints. 

119, — PROBI^BJH. GIVEN THE SPAN AND DEPTH OP A 

PANEL TEUS8, IT IS EEQUEBED TO FIND THE INCLINATION OF THE 
DIAGONALS SO AS TO SBOUBE A MmiMUM AMOUNT OF MATERIAL 
IN THE DIAGONALS, THE VERTICALS AND CHORDS BEING OF UNI- 
FORM SIZE THROUGHOUT, AND THE LOAD BEmO UNIFORM 
THROUGHOUT THE WHOLE LENGTH. 

In the Pratt Truss the diagonals are ties, and hence their 
sections should be directly proportional to the stress to which 
they are subjected ; but in the Howe Truss, the diagonals being 
braces, their section, if they are long compared with their 
diameter, will be a function of their length as well as of the 
stress: see article 21. This fact complicates the problem. 
For the sake of simpUcity in this problem^ we wiU therefore 
asswne that the section of the diagonals is directly ^oportional 
to the stress. 

Eef erring, therefore, to Fig. 77 or Fig. 79, we 

let L = AB = the span ; 

D = the depth of the truss ; 
jflT = the number of bays ; 
I = £ -7- Jfz= the lengtli of a bay; 
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W^ = the weight of the frame ; * 

«?, = TTj -> iT = the weight at one joint of the dead 

load; 
W^ = the weight of the live load;- 
P =z W^ -r- J}r= the weight on one bay of the liro 

load; 
Tr= F; + TT, = the total loadj 

=z a 1 i = the inclination of the diagonal to the 

vertical ; 
k = the transverse section of a diagonal ; and, 
T = the modulus of strain, that is, the strain per unit 
of transverse section; 

Thenj> + w, = (1 + ry^; 

tcmg 6 Ntang 
The length of a brace ^=: D seoQ ^ 



Ntang 
The stress on the Tirth brace is, see Eq. (129a). 

\ (iT- 2 71 + 1) (?> + w^ 860 = Tk 

. ;fc = (iT- 2 ^ + l)ig- YJ^^^^ (141) 

Making n = 1^2, 3, etc., to i i\r (observing that for 7> = J 
(ilT + 1) the expression becomes zero, and we have 

Summing this series gives 

xK= ^(j>+^.)^^^ (142) 

O JL 

which, multiplied by the length of a brace, gives for the 
volumey of half the diagonals in all the truaaesj 
Nip + w^ L 1 



ST 008 sin 



(143) 
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which is a minimum for = 45®. Henoe the minimum 
amomit of material in the diagonals for both trasses is 

^i^ = J^_i^Z = 4 TT^. . .(144) 

which, compared with Eq. (l) article 38, shows that the materia} 
in the diagonals is the same as that in the rafters of a king-post 
truss {laving the sam^ span and same inclination. Observe that 
P Eq. (l) above referred to equals iWin Eq. (IM), and T = G, 

Note. — This result may at first appear to be incorrect, since the rafters of 
the king-post are of uniform size, while in the panel system the diagonals 
diminish in size from the ends toward the centre. But it should be observed 
that in the king-post both rafters carry only one-half the total uniform load ^ 
while the end diagonals of the panel system carry nearly the total uniform ; 
or exactly (If — 1) {p + tOi). One-half the load in both cases on the end bays 
is carried directly by the supports ; but in the king-post this distance is one- 
half the span, while i^ the latter it may be only a small fraction of the spaq. 

We may now carry the solution further. If the verticals are 
of uniform size, they must be of the size as the first one. 
Hence, in Eq.. (141) make sec. = 1 and n = 1 and we find 
for the section of each of the verticals 

J(ir^l)i^^ 
Hence, their volume = i (iT- 1)* i> ^~^ = i (iT - 1)* 

N T 
which expression diminishes as iT diminishes; hence the deepey 
the truss the less the amount of material will be required for 
the diagonal aiid, verticals. The king-post with rafters in- 
clined at an angle of 45° requires least. 
The section of the chords will be, see Eq. (137) 

SD T" SB T" 8 T' ' 

from which we see that K varies directly as iT, and hence is 
least when N is least, or equal to 2. In this case the upper 
chord disappears. Hence, considering all the parts of tie 
truss, the king-post with rafters inclined 45 degrees requiros less 
material than the panel system. 



136 TBEATI6E ON BBIDGBS, 

^OTB. — It does not follow from thifl that the king-post Bhoald in all oases \)0 
■ubstituted for the panel system ; for in most oases it would be qoite imprao* 
tioable to do so, on aooonnt of the great depth which would result. For | 
instance, in a 100-foot span the depth would be 50 feet ! 

ISO.— A SECOND PROBI^EIH OF MINIMUJir MATBRIAI^. — 

NEXT SUPPOSE THAT THE DIAGONALS AND VEIiTIOALS ABB BOTH 
PEOPOBTIONKD FOB THE 8TBAINS DUE TO A UNIFOBM LOAD, AS- 
SUKENO, AS BEFOBE, THAT THE SECTIONS OF THE PIECES ABB 
PBOPOBTIONAL TO THE STBESSES. 

The stress on a yertical is (Eq. (141)), 

heDce its volume is i {J^ — 2 n + 1) 7p i^. ^ . 

Making ti = 1, 2, 3, etc., to i JT, and summing the series^ 
and we find that the volume of all the verticals is 

ir(y + ^0 z 1 

8 T 'tang 

which added to Eq. (143) gives for the total volume of all the 
diagonals and verticals 

ITjjp + w,) L r 1 1 \ /145X 

8 T \mh 008 e^ tang e) ^ ^ 

which is a minimum for = 54° 45^ 

NoTB. — In practice the diagonals in wooden trofises are geneiaUy inclined 
less than 45 degrees from the vertical. 

131.— GENfiRAIi PROBIiBMOF MINIMITIII ]IIATERIAI«« — 

Let theee be a PEEMAiraajT dead load and a moving live 
LOAD ; rr IS bequibed to find the conditions fob a minimum 

AMOUNT OF MATEBIAL IN THE DIAGONALS, VEBTIOALS, AJND OHOBDS, 
THE TBANSVEB8E SECTION OF ALL THESE PABTS BEING PBOPOB- 
TIONED DIBECTLT AS THE STBESSES TO WHICH THEY ABE SUB- 
JECTED.* 

VolwiM of the diagoncUs. 

We find the section of the w^th diagonal by means of Eq. 

(128) to be 

»■■ I ' I ■ ' ■ ' ■ '■ .-11 . 

* This solution was given by William Bouton, class of 1805, Unw. o/MUk, 
S6e Jour. Frcmk, Inst^ VoL L., 3d series, p. 76. 
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which, multiplied by the length (Z -?- JT) 4- sin gives for 
the volume of the n-th diagonal 



[(^-„),^-««)^.(i.- .„.!)*.] 



i IPT sm d COS e 



(146) 



The number of diagonals which incline either way is iV^ 
see article 106 ; hence to find the volume of one-half the diago- 
nak, make 7i = 1, 2, 3, etc., to ^ in Eq. (146), and take the sum 
of the results. Two series will thus be formed, one the coef- 
ficients of jP ; the other of w,. The sum of the series may 
readily be found by the method of differences. The sum will 
be 

8=:n' a + — ^^ ^ d, + — ^^ ■:^ ^ d^ + etc.. .(147) 

in which 8 = the sum ; 

a = the first term of the series ; 

e?i, c?, etc., = the first term of the successive orders of 

differences ; and 
n^ = the number of terms in the series = J^. 

First consider the coeflicient of jp. 

Making tj. = 1, 2, etc., in Eq. (146), and we have, 

the series, N {]Sr - 1), {IT- 1) {HT - 2), (iT- 2) {N ^ 3), 
{N - 3) (iT- 4), etc. 

IstDif. -2ir+2 -2ir+4 -2ir+6 

2d Dif , +2 +2 +2 

3d Dif . 

Hence, n' ^N^,a^N {N - 1), e?, = 2 (- E' -V 1) and 
I?. = 2. 

.•.^= [iroir(ir-- J^,)+ii^,(i^^o•-l)]• 
Second, the coefficient of w^. 
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This becomes negative when we pass the centre, and each 
negative term will cancel an equal positive one ; hence we need 
sum only JT — iV^ terms. 
The series is iV^(ir^ 1), ir(iV^- 8), iT (iT- 6), JfiJU^-T) 

IstDif. ~2ir -.2ir -2ir 

2d Dif . 

Adding these results and multiplying by the common &ctor 
^ wthi/me of half the braces = 

fif^jv, (iir - iiT.) (i> + «o + » ^o (^.* - i)i'J 

^ (148) 



^ N'T dnd cose 

Volume of the Verticata. 



^«'-"o' 



The stress is, I ( JT - ») (If -n+ 1) J> + {If — 2 n +1) 

] 

The length is, i> = 2^^^ 

.*. Volume of 72r-th vertical = I (i\r — w) (jflT— n + l)j> + 

(iT -2 . -H) iT^.] ^ ^./^ ^ (149) 

Summing the series as before from n = Iton =i (iV — 1) 
(for i\r {?rf{:iQ, and we have for the volume of half the verticals. 

^ N'T tang e ^^^^ 

If iT is even, we sum the series from n = l to n=iiV^ and 
deduct one-half the volume of the middle vertical, the value of 
which may be found from Eq. (149). This done and we find 
for half Uie volume of the verticals when N ia even * 
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Volume of the Chords. 

The stress on the iir-th bay of the upper or lower chords is 
i{J!f^— n)n(j> + w,) tang 6 (152) 

The limits of n are from 7^ = 1 ton z= \ If for the lower 
chord, and from n = 1 to n = i {N — 2) for the upper chord 
when N is even / and when N is odd the limits for both chords 
are n = 1 to n = ^ {N — 1) by omitting half the central bay in 
the lower chord and including it in the upper, as we may do 
since the stress is the same in both. In either case, the sum of 
the series found by making ti =: 1, 2, 3, etc., in (152) multi- 
plied by / = -n^ and otherwise reduced is 

^]!f{N^l){p^w:)^^tan^0 (153) 

Hence, the total volume of half the truss is the sum of (148), 
(150) or (151), as iV is odd or even, and (153), or 



CfOT^'odd)^l^2^(2y«-l)(p + M>l) + l-«(^-l)(¥C^'-l)•-1)pl_l_ 
(for N even) }iJ^\P-\- Wi) + 1-24 ilT [JIT (iV - 8)- 10] p f tang 6 

+ 1-6 y^ (ir - 1) (p + toi) tana $ 



%N^T 



(164) 



J.' 



which is to be a minimum. 

[J!rir»{y - j!r.)(p-^wi)+H ir.{NA '-i)p] (tcmt/* $ ^1) 1 

<(foriirodd)^Jv(2in«-i)(p + tri) + i-6(2ir-i)(i^(jir-i)«-i)p» I 

j 1(for2ireven))i3^(p + wi) + l-84iV[iV(Jir-.8)-10]j» f T -«----V^»/ 

[ + 1-6 JP iJm^ 1) (p +wi) tang « • J 

from which tang may be directly found. 

Example. — ^Let p = Wi and If = 10. Then, according to the table in 
article 108, If. = 6. These Talues in Eq. (155) give tmsf* d = 0.27916 . *. d = 
27» 50'. 

We shaU also have I = 0.528 2> and £ = 10 ^ = 5.28 D r. L ^ D :» 
5.28. In this way the following table is formed. 
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TABLE 

Showing the mcUnation of the diagonals and the ratio of the 
length to the depth in the Panel System for a Mmirnvm 
Amov/nt of Mate^^ial^ the load hemg on the lower chord. 



VAI.UBS or 


tin 

P=0. 


J)s 101 


1>= 2toi 


t(7l = 

P 


jr. 


« 


X 







9 


Z 
D 


$ 


X 


8. 
4. 
ft. 

6. 
• 7. 

8. 

9. 
10. 
18. 
15. 
80. 
80. 
40. 
60. 


89° 18' 
87° 04' 
84° 11' 
32° 85' 
80° 48' 
29° 28' 
28° 06' 
27° 10' 
26° 16' 
28° 06' 
20° 80' 
17° 07' 
16° 16' 
18° 88' 


8,448 
8,020 
8,396 
8,884 
4,158 
4,620 
4,806 
6,180 
5,664 
6.890 
7,480 
9,240 
10,920 
12,060 


89° 36' 
87° 08' 
84° 50' 
82° 42' 
81° 28' 
80° 04' 
28° 51' 
27° 60' 
26° 24' 
23° 51' 
21° 12' 
17° 38' 
16° 89' 
14° 25' 


2,481 
8,020 
8,480 
8,862 
4,284 
4,632 
4,969 
5,280 
6,700 
6,680 
7,760 
9,540 
11,200 
12,460 


89° 42' 

87° 01' 
86° 02' 
88° 18' 
81° 40' 
80° 12' 
29° 10' 
28° 06' 
26° 17' 
24° 08' 
21° 80' 
18° 08' 
15° 51' 
14° 26' 


2,490 
8,016 
8,606 
8,930 
4,819 
4,666 
5,022 
5,840 
5,928 
6,720 
7,880 
9,780 
11,660 
13,860 


89° 54' 
87° 21' 
86° 88' 
88° 49' 
82° 18' 
81° 05' 
29° 69' 
28° 54' 
27° 07' 
24° 69' 
22° 18' 
18° 50' 
16° 86' 
14° 25' 


2,608 

8,062 

8,586 

4,020 

4,410 

4,824 

5,198 

5,580 

6,144 

6,890 

8,200 

10,280 

11,980 

12,960 
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ryi/ng a given weighty when the distance between their lower 
ends is constant, and the distance from the vertex to the lower 
chord is given. 

In the transmission of strains we have seen that the vertical 

component of stress is constant between 
two loaded joints. Let abc be one of 
the triangles of a truss, ab the bay, be 
the tie, and ac the post, and no load 
at a 
Let I = ab = the length of a bay ; 
l^= ac = the length of the post ; 
J)=: cd = the depth of the truss; 
P = the vertical stress at b which 
is to be transmitted to a, and so on, to the support ; 
X = ad; y = db, and 

8 =the weight of a unit of volume of the tie. 
The post ac is supposed to be so long that it is in danger of 
bending. Suppose that the ends are rounded and that it is 




Fio. 83. 
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made of solid cast iron. Then, according to article 25, its weight 
will be 

0.023926469 (P' V"'/'*^ = ^ {P' K'""') ^'^ 
in which P' is the pressure in the direction of the length of the 

post, and equals P sec. acd = P j^ and c is the constant 

coefBciont. The length of the post will be l^ = ^JD^ + a? .*. l^'** 

= (jy + a?*) Hence, the weight will be 









9 



The stress on c5 will beP sec. dch ; its section,^ = 

its volume = -,^ x D see. dd> ; and its weight =» 

S PD sec.' (M _B P (D' + y^ _S P (Df + ( I - xf) ^ ^ 

T TjD 3V0 ^** 

the total weight of both pieces will be 

.(£<^+.^-f*'+i^^(ta2 („„ 

which is to be a minimum. It may be put under the form 



gpi^ 



X 



in which tang0=^. 

Differentiating Eq. (156) and placing it equal to zero, and it 
gives 

. p V T.W "His 2 S P ^h PI 

This cannot be solved in finite terms. We may, however, f oi 
known values of the constants find the value of a? to any degree 
of app]X)ximatian. We may also deduce from it some general 
facts. 
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or , 

7* 7} loo 1% o 

It appears from this : — 

let, That the inclination of the post for minimum material (and 
hence of the tie), is dependent upon the stress to be transmitted, 
the depth of the truss, the modulus of tenacity of the tie, the 
length of the bay, and the weight of a unit of the material, 
unless the weight per unit of the post and tie are the same. If 
they are the same, S may be cancelled. As the formula now 
stands, S in the first term is included in the coeflBcient c. 

2d, Ko sirnple rdatiofi exists between the inclination and 
the other known quantities for minimum material. 

3d, We know in practice that the weight of the post is much 
greater than that of the tie ; hence we find, approximately, the 
proper inclination by neglecting all but the first term. This 
done and we have to/ng ^ = 0, and tan^ 5 = — 1, or tang = 

+ '^— 1. The latter value being imaginary is inadmissible. 
The former value shows that ihe posts should be a vertical. If 

the posts are vertical, the other terms give tang ^ = -=, as ihey 

should. 
4th, Suppose that tang is very small. Then the term (1 + 

tcmg^ 0) "^ will somewhat exceed unity. Suppose as a second 
approximation that it is unity <^ and we have 

ixmg = 



fll <^P ^D^ r+2 S D 



^V 



229 c Tiy^ 

fflnoe 2S D will be small compared with the other term of the 
denominator, and may be neglected. Hence, approximately, the 
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/ 

tangent of the inclination of the post for minimum material 
varies directly as the length of the bay, and neariy as the square 
root of the vertical stress, and inversely nearly as the depth, 
since the exponent of D is nearly unity. 

6th, Wllen I and D are constant, it appears that the inclina- 
tion of the posts increases as JP increases, and hence for mini- 
mum material should be more inclined at the ends of a truss 
than at the middle. 

Example.— -Let D = 18 feet 9 inches, I = 12 feet 6 inches, P = 62,000 
lbs., S = S lbs. per inch of section and one foot in length, T = 10,000 lbs. and 
e = 0.023926469. Beqnired the inclination of the post for a minimum amount 
of material. 

. • . Eq. (167) becomes 

0.023926469^ 10,000x18.75***, , , ,,f |J „ , ^,, . - 
'—j^ (1 + tang^ 6)**"+ (t — tang 6)* f 1. 

3 X 62,000' •*** 

We have log. 0.023926469 = 2.3768786 

log. 10,000 = 4.0000000 

\li log. 18.75 = 1.1494735 

log. 8 ar. CO. = 9.5228787 

}? log. 62,000 ar. co. = 7.7567524 

log. 6.42663 = 0.8079832 

Hence, the expression becomes 

6.42663 (1 + tang'' 6)*^* + (5 - tang ey + 1 
If tang = 0.00, the expression becomes 8.09329 
tang ^ = 0.03, the expression becomes 7.90246 
tang ^ = 0.04, the expression becomes 7.83185 
tang d = 0.05, the expression becomes 7.54871 
tang = 0.06, the expression becomes 7.77841 
tang 6 = 0.08, the expression becomes 7.82091 ; 

from which it is evident that the minimum is for tang d = 0.05 nearly ; or for 
e = 29 52' nearly. 



SPECIAL TKUSSES OF THE TA:KEL SYSTEM. 

* 

1S3. — liONG's TRUSS. — One panel of the Long's Truss is 
sliown in Fig. 84. This is one of the earlier wooden bridge 
trusses of this country.* The upper and lower chords were 

^iW«— W^— ^^■^^^■^^^■^^^^^^^^^^^^— ^-^^ ■■ ■ ■ ■ ■■■III ■ ■ I , — ■ ■■ 

♦See Jour. Frank. Insty Vol. V., 8d Series, p. 231, for a diagram, and 
claims of the patentee. See also Am. Jour, of Arts and Science. YoL 
XXXVm., p. 202. 
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composed of small stringers AAA which were spliced, when a 
single piece could not be obtained which would reach the whole 




Pig. 84. 

length of the bridge. The vertical posts (which served as ties) 
were double. The manner of securing them to the chords 
is sufficiently evident from the figure. The keys FFF were to 
force the posts against the main brace G. The main braces 
were also double, and so placed as to leave a small space be- 
tween them, through which part of the connter-brace D 
might pass. The manner of securing the main braces is 
also suflSciently evident from the figure. The lower end of the 
counter-brace D, rests upon a block /, which is secured to one 
of the posts -ff, by pins or in any other convenient manner. A 
rest is thus formed for part of the main brace, and the remain- 
ing part bears, by means of a shoulder, directly against the post 
jS. The upper end has a shoulder for bearing against the post, 
and the whole is brought into bearing by a wedge (or key) J?, 
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which is driven between the upper end of the counter-brace and 
the upper chord. These trusses may have served a good purpose 
in their day, but they are no longer in demand, since the exten- 
sive use of iron makes other forms more desirable. This trufls 
is of the " Howe Type," and the scientific principles connected 
with it will be suflSciently discussed in the following articles. 



i 




^ 



r^^ 



Fig. 85. 



1J14 MODTE^s TRrss. — -The general form of Howe's 
Truss is shown in Fig* 85.* The diagonals are wooden braces, 
and verticals are iron ties. We have taken this as one of the 
"type FORMS." As usually con- 
structed the main braces are 
double, as shown in Fig. 86, and 
of uniform size throughout the 
span, and the counter-braces are 
of the same size, and placed be- 
tween the main braces, and the 
chords are also of uniform size 
throughout the span. One of 
the marked features of this truss 
is the use of blocks which are 
placed between the ends of the 
braces and the chords. The 
vertical tie rods pass directly 

through the blocks and chords, being secured at one end by a 
nut, and at the other by a head, or at both ends by nuts on the 
rods. Such are the general features of the truss, which will 
now be considered more in detail. 




Fig. 86. 



* JouT, Frank. Inst, Vol. IIL, 8d series, p. 289; also AtrL J<mr. cf ArU 
and Soienoe^ YoL XVUI., p. 128. 
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195«— MAIN BBACBS. — ^The main braces being all of the 
same size, their dimensions will be determined so as to resist the 
vertical stress at the ends. Hence if 

k = the section of all the braces at one end for all the 

trusses, and 
G =5 the modulus for crushing, 

and we assume that these braces will not bend, we have directly 
from Eq. (129), 

i?* = i(i\r- 1)(^ + w,)8ec0 =ilw-{jp + w,)] 

8600 = i W secO nearly (159) 

The expression J Wseo is on the safe side. But as we no 
longer consider the parts as reduced to rigid right lines, and the 
3oint8 perfectly flexible, as was done in the preceding articles, 
we must consider what effect finite pieces and rigid joints will 
have upon the formulas. 

It appears that rigidity cannot cause any greater stress upon 
the end braces than that due directly to the full loading, and if 
it has any effect it will diminish the stress. It seems evident 
that the effect of rigidity in the chords will be to diminish the 
stress on all the other diagonals and verticals, for if the chords 
were sufficiently rigid they might carry the whole load. As it is, 
they may carry a part of it. The transverse sections of the chords, 
diagonals and verticals are so small compared with the length 
and depth of the truss, that they can have no perceptible 
effect upon the formula. Equation (128) is therefore on the safe 
side. The longitudinal stress upon the chords is not increased 
in amount by the rigidity, but the tendency is to produce a 
little more stress on the fibres on the upper side of the upper 
chord and lower side of the lower chord than the average 
stress ; and hence a somewhat less stress on the fibres on the 
opposite side of the chords. In short they will resist some- 
what like beams. There will be a slight transverse shearing 
stress, depending chiefly upon the amount of deflection of the 
truss. On the whole, the formulas for the stress upon the 
chords are considered safe. 

There would be a saving of timber if the braces were pro- 
portioned according to the stresses, but as timber is compara- 
tively inexpensive, and as it would cost extra in time and labor 
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to make the braces of different sizes, it is deemed inexpedient to 
do so. Indeed, in all wooden structures the tendency is to be 
lavish with timber rather than saving, especially when there is 
any question about the strength. 

1S6. — couNTBR-BRACBs. — The stress on the counter- 
braces is greatest at the midiile of the span, and is found by 
making n = i (iT 4- 1) in Eq. (128). Hence, the greatest 

^« — 1 
stress on the counter-braces is — ^ j > seed = i Np nearly. 

This is the case when the number of bays is odd^ in which case 
both the braces in the middle panel may be considered as main 
braces. If the number of bays is even, make n — \ N '\- 1 in 

Eq. (128), and it reduces to I j {N — 1) i> — i -m?, Xsec 5, 



\\{N^ l)i>- \w\ 



which is less than \ N p. Using \ N p as the limit which it 
cannot exceed, and comparing it with Eq. (159), and we have 
maximum stress on counter-brace _ \ Np _ 

maximum stress on main brace "~ i (iT — 1) {p + w?,) "" . 

4(^Tl^"^^y • <i«^) 

The value of this fraction is alwavsless than one-fourth : hence 
the counter-braces need not be one-fourth as large as the main 
braces. In practice they are made more than twice as large as 
is necessary, since the counter is usually the same size as the 
main, and there are half as many of them. In Eq. (160) if 
tr, = i jt>, the fraction becomes ^ ; if to, = -J j?, it becomes -I- 
(and this might be considered B,praetical value) ; ii w^ = p^ it 
becomes ^. It has also been shown that counter-braces are not 
needed in all the panels, and that the effect due to the stiffness 
of the chords makes a still less number necessary. It would be 
an improvement in strength if counter-braces were placed in 
only a few of the central panels, see article 125_, and that in all 
the others they were entered as main braces. Placing counter- 
braces in every panel, including the end ones (as is usually done 
in practice), seems to be without any good reason. 

It is said by some that counter-braces may be used to increase 
the stiffness of the structure. In regard to this we observe firet, 
that if both main and counter are strained at the same time, it ii 
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not due to the loading, but to Bome peculiarity in theconstmctionj 
or to some artificial process. For instance, if a key is driven 
between the ends of a main brace and the block at the foot of 
it, it will tend to elongate the diagonal of the rectangle in that 
direction, and to shorten the diagonal in the direction of the 
counter-brace, and may thus induce strains on both at the same 
time. The same result would be secured by making both 
braces a little too long and forcing them into place ; or by 
keying the counter instead of the 7nain. The direct effect of — 

. 137. — KBTiifG TBB covNTEii-BKACB is to retain perma- 
nent strains upon both braces. If a uniform load is placed 
upon a truss, the immediate tendency will be to relieve all 




Fig. 87. 

the cotsnters, as in Fig. 87. If now all the counters are keyed, 
by driving a wedge between the ends of the braces and chords 
so as to fill the space which had been left vacant, and then the 
load be removed, the truss will immediately seek to regain its 
original form, and in doing so will bring compression upon the 
counter-braces, while compression still remains upon the main 
braces. If the counter-braces and keys were perfectly non- 
compressible, the same compression would exist in the main 
braces when the load is removed as when it is on. If this were 
the case, the only effect of putting the same load on as that for 
which it was keyed would be to relieve the strain upon the 
counter-braces, and there would be no increase in the defiection. 
But the counter-braces being compressible, they will yield some- 
what under the reaction of the main braces, and a portion of 
the deflection which was caused by the load will be regained. 
As the greatest slope due to the deflection will be near the ends, 
where counter-braces are not needed, it appears that but little 
is gained in stiffness in this way, and if counter-braces are put 
m the end panels for the purpose of producing stiffness, they 
will fail of their object, unless they are so thoroughly keyed aa 
to produce constant and heavy strains upon the other parts. 
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In order to key the counter-braces 60 as to be in bearing for 
a passing load, they should be keyed at the forward end of the 
load, as it passes on until it reaches the middle, and then the 
keying should be done at the rear end of the load as it passes 
from the middle to the end. Keying the counter-braces in this 
way seems to be of very doubtful utility. 

138. — cAiSBERiNG is causing the truss to be slightly arched 
upward. A bridge thus formed presents a better appearance 
to the eye than one with perfectly straight chords. It may be 
accomplished in various ways. Having determined the proper 
length of the main braces for straight chords, if their length 
be slightly increased, beginning with nothing at the centre, and 
increasing gradually towards the ends, any desired camber may 
be secured. This will give an arch-form. If they are increased 
in length in the opposite direction, it will tend towards a pointed 
form. Making the end verticals slightly shorter than the 
middle ones, will produce the same general effect as the former 
mode, for it forces the rectangle into a rhomboid with its longer 
diagonal in the direction of the main brace. A similar effect 
may be secured by making the bays of slightly different lengths. 

There is no rule for determining the amount of camber, but 
it should evidently be such that the heaviest loads will not 
bring the chords to a horizontal. 

139. — ^THE BiiOCK at the ends of the braces should have 
its faces at right angles to the line of the brace. To accomplish 
this is more of a problem than at first appears. We have given 
a = the clear depth of a panel ; 
b = the clear width of a panel ; and 
= the thickness of the brace, 
to find the base and height of the block so that the hypothenuse 
fihall equal e^ and at the same time have the hypothenuse 
perpendicular to the line of the brace. 

If y = the depth of the block which rests against the side a, 

I find 

4 y* - 4 «y* -h (d^* + y - 4 (f) y* + 2 « c* y = 5V - c* 

which is a complete equation of the fourth degree, and its 

fiolution is impracticable. Practically the faces of the blocks 

may be wider than the depth of the brace, and perpendicular to 
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the diagonal with the panel, in which case the brace may be 
parallel to or coincident with the diagonal. 

In the cheaper structures the blocks are made of wood, but in 
more important ones they are made of cast iron. 

The depth to which the block should be let into the chords 
depends upon the horizontal component of the push of the 
brace, and hence should be greater near the ends. No theoreti- 
cal rule can be given for this case, but it is found in practice 
that a small depth, from one-fourth of an inch to an inch in 
depth, is sufficient. 

To prevent the block from crushing the chord, an iron block, 
or hollow cone, or other suitable piece, is placed between the 
block which is on one side of the chord, and the washer which 
is on the other side, so that the vertical stress is transmitted 
directly to the vertical tie without pressing upon the chord* 
When the chords are made of several parallel pieces, this iron 
piece may pass between said pieces. 

130. — THB TEBTioAii TIB-RODS being made of iron, it 
will generally be more economical to proportion them according 
to the strains than to make them of uniform size. When they 
are long, it will be best to have a washer and nut at each end, 
instead of having a solid head at one end. The thickness of the 
nut should at least equal the diameter of the rod. It is a good 
plan to so enlarge the ends of the rods, that the diameter shall 
equal the body of the rod,jp^ twice the depth of the threads. 

131* — THB CMORDS. — ^Thc chords being made of uniform 
size throughout their length, their dimensions must be deter- 

WZ 
mined from the stress at the middle, which is i -7^-- Of 

course there is an excess of timber in the chords in all but the mid- 
dle panels, but there is generally no economy in reducing them. 

For long spans they are built up of short pieces so placed as 
to break joints, or bjj splicing the joints, as shown in Fig. 26 a, 
or in some other suitable manner. 

133.— 'RATT9S TRUSS. — In the design of Pratt's Truss, 
the chords were made of wood and of uniform size throughout, 
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the verticals were also made of wood, and all of the same size 
and the diagonals were iron rods, as shown in Fig. 88.* 




Fig. 88. 

The analysis of this truss is the same as for Howe's Truss. The 
chords should be of the same size as for Howe's ; the vertical 
posts may be smaller than the braces in Howe's ; but the iron 
rods must be larger than the iron rods in Howe's. This may be 
the principal reason why, in wooden structures, the Howe Truss 
is so much more popular than Pratt's. The latter, however, is 
a good form, and in iron structures is much to be preferred to 
Howe's, as will be seen hereafter. We have used this as 
another *^ Type Fokm." 

The details of the Howe Truss — such as the use of blocks, 
depth of notches, etc. — are sufficiently suggestive to guide the 
engineer in the construction of Pratt's. 




Fig. 89. 



133* — 'wniPPi^E's TRUSS is composed entirely of iron, in 
which the verticals are posts (or struts) and the diagonals are 
ties, as shown in Fig. 89, hence it is of the Pratt Type. This 

* Yose^s *^ Handbook of Bail-Eoad Gonstnictioii.** 
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Ib one of the earliest iron bridges of this country. Here we see 
for the first time the omission of counter diagonals. It is 
quite probable that in practice, in a bridge of the number of 1 
panels here shown, that one or more counter ties each side of the 
centre would be necessary, or at least advisable ; but I have 
omitted them on pm'pose to make the application of the prin- 
ciple more striking. It has been frequently observed in the 
preceding pages that long pieces subjected to compression ai*e 
liable to bend, and that in such cases their strength is not 
directly as their section, h%U varies as some power of their 
lengthy while the strength of ties varies directly as their section. 
For this reason it appears evident that for economy the verti- 
cals should h^jpostSy and the diagonals tieSj in iron structures of 
this kind. 

Mr. Whipple's trusses were double, that is, each long diagonal 
crossed two panels. Mr Whipple so made the posts of his 
trusses that the tie-rods could pass through the middle of them, 
and at the same time he trussed the posts by iron rods in such 
a manner as to prevent flexure. The upper chord is usually 
made of hoUow cast-iron tubes, the length of which equals the 
length of a bay. The lower chord he made of links of wrought 
iron, as shown in Fig. 90, which passed over cast-iron blocks. 
There was a cast-iron block at the foot of each post. 

Since Mr. Whipple designed his truss there have been many 

< ? ''' 

Fio. 90. 

others constructed upon the same general plan, but which differ 
from his in the details. For instance, see Jones' Truss,* 
Murphy-Whipples',t Linville's Truss.:]: Sometimes these 
trusses have a vertical end post instead of an inclined brace, as 
in Fig. 89. There is a design of such a truss by J. H. Lin- 
ville, in the Jour, Frank. Inst.., Vol. Iviii., 3d series, p. 9 (1869). 

* Scientific Ameriecm, Vol. iz., 8d series, p. 193. 

f Col. Merrill^s work on Iron Truss Rail-Boad Bridges. 

X Jour. Frank. Instj Vol. Ivii, 3d series, p. 89 (1869)* 
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The lower chords of some of these trusses are composed of 
a succession of links which lap past each other, and which are 
connected by a pin passing through an eye 

near their ends. The end of one such is 

shown in Fig. 91. / 

The pins which pass through the ends of ' 

the links resist shearing on both sides of Piq. 91. 

the link ; hence it would seem that the 
cross-section of the pins should equal one-half the cross-sec- 
tion of the links ; the heads of the links being enlarged so 
as to equal the section of the body of the link. But experi- 
ments show that the strength of the eye depends directly upon 
the bearing surfaces. Experiments were made upon the links 
of Mr. Vignol's suspension bridge over the Dnieper, at KiefF, to 
determine the proper proportion for the eyes of the links and 
connecting pins, the results of which were given in a paper by 
Sir Charles Fox to the Eoyal Society, of which the following is 
an extract.* 

" The links were twelve feet long from centre to centre of pin- 
holes, and ten and a quarter inches by one inch throughout the 
part between the eyes. The heads were one inch thick and 
sixteen and one-half inches in diameter. At first these were 
pierced with holes four and one-half inches in diameter for the 
reception of the pins, thus giving the latter 15.9 square inches — 
or more than 1^ times the smallest sectional area of the links, 
yet experiment showed that the heads would fail before the 
links. The heads were torn across and the metal bulged out in 
the direction of the strain. The Jiead was then increased in size, 
but the result was substantially the same. The pin-holes in one 
of the original links having a head of sixteen and one-half 
inches in diameter were then enlarged, so as to give a semi-cylin- 
drical bearing surface of 9 A square inches, instead of 7 square 
inches as in the former case, and the strength was increased 
from one hundred and eighty to two hundred and forty tons, 
notwithstanding the diminution of the metal in the head. 
Subsequent experiments showed that the diameter of the pins 
might have been still more increased with advantage; the 

* Jour. Frank, Inst.^ ToL zliii., 3d series, p. 107. 
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Fig. 92. 



best proportions appearing to be those which 

^ give a bearing surface about equal to the least 

^ sectional area of the links. Sir Charles Fox 

considers that it is best to make the bearing 

;j surface slightly in excess of the proportion 
just mentioned, and he thus gets, for the pins 

**- of suspension chains, the simple rule "that 
the diameter should equal two-thirds the 
width of the body of the links." 

^ ^ This rule gives for the hole an excess of 
strength for large^'/w, and a lack of strength 

^ for small ones. In the former case the 
pins may be made hollow; and in the latter, 

^'^ strength of the pins must be computed, and 
leave an excess of bearing surface. 

In determining the proportions of the 

g >^ head or eye through which the pin passes, 
it must be remembered that the strain is 

S not uniformly distributed, the strain on the 
inner part being more severe than upon the 
outer, similar to the strain upon a cylinder 
subjected to internal pressure. (See Resist- 
ance of Materials^ p. 26.) From the ex- 
. periments made above. Sir Charles Fox esti- 
mates that the sum of the width of the two 
sides of the eye should be about ten per 
cent, greater than the width of the body of 
the link, both being of the same thickness 
throughout. But when circumstances will 
permit, it is better to increase the thickness 
of the eye. " A rule for the size of eyes 
which has been much used, and which gives 
equally good results, is to make the outside 
diameter of the eye equal to twice the dia- 
meter of the pin, and then to increase the 
thickness until the requisite sectional area is 
obtained. 

To compute the strains on these trusses, 
we conceive that they are divided into two 
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(or more if necessary) simple trusses and compute for each 
separately, and then combine the two results. This will be 
illustrated by the following example. 

134. — ANAIiYSIS OF THB DOUBIiB PANEL STSTEIS AS 

SHOHTN IN FIG, 92* — ^As the cud mcmbcrs are vertical it may 
be called the Linville Truss. It will require a little more 
material than Whipple's, which is of the trapezoidal form, 
because in his truss the members AB, Ah, WV, and Wv, will be 
omitted, and the weight of the long end braces will be but little 
more than the vertical posts aA and v V. In other respects 
the computation will be the same in the two cases. 

Assume that the weight of the truss is 210,000 lbs. Ako 
let 

Span av = 200 feet = Z 

Depth of truss 18 feet 9 in. = D 

Length of a bay = 9^ feet = I 

Number of panels = 21 = iT 

Panel weight of one truss = 5,260 = w 
Panel weight of live load = 13,640 = p . 
Inclination of the ties, 6 = 45° neai'ly. 

The weight of the truss is intended to be only that part of it 
wliich produces strains, and hence excludes the end posts and 
one-half of the end bays. This weight is assumed to be uniform 
over 20 panels, and as there are two trusses, the panel weight 
is 5,250 lbs. 

THE CHORDS. 

The maximum stress on the chords is produced by the total 
live and dead loads. To find the stress on PO for instance, we 
find it on OQ for the simple truss Oo Qq Sa Vu Vv ; and on 
iVP for the simple truss iV^ Pp Hr, etc., and add the results. 

A slight ambiguity arises in these cases, because if the loads 
be considered concentrated at the joints, and equal at each joint, 
they will not be symmetrically placed in reference to the centre 
of the truss, and hence the support at a will carry a little more 
than half of the load on the partial truss aA, b, D, f, etc., and 
the support at w will carry the same portion of the load on the 
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other partial tniss. But it simplifies the case considerably tc 
suppose that each one sustains one-half the load for each partial 
truss, and I will so consider it in regard to the strain on the 
cliords. For the sake of simplicity we will call the inclination 
of the diagonals 45 degrees, although it difFers slightly from 
that. This will be equivalent to calling 21 = J?. These 
approximations will make the stress upon the chord somewhat 
less than an exact analysis, perhaps 30 or 40 lbs. less. 

For the partial truss Ww TTu Ss, etc., let F, be the reaction 
of the support at Wj and 11^ the stress on the chord. 

The load will be 10 {p + w?,), 

.'. V^ = & (jp + w^)y and taking the origin of moments at o, 
we have 

jt; i? = r, X 7l-S{p + w,) X 4:1 

23 
.'. jE^i = -^ {jp + w^ = stress on O Q. 

For stress on JTP, take the origin of moments at n. 

r.H^D^ F, X 8Z- 3(j? + w,) X 4Z 

28 
•'. J^ = -^ (j? -t- w^ = stress on NP. 

51 
.-. Stress on {?P = ^, + J?; = ~ (i? + w^. 

In a similar way we find the strains on all the other bays. 
The results are entered in the following table. 

To find the weight of the hollow pieces (columns) which 
form the upper chords, assume that the ends are round, the 
column long and cylindrical, and the thickness ^ of the exter- 
nal diameter. (Any other thickness might be assumed.) Then 
if we use five times the stress for safety, we may find, as in 
article 25, that 

I 1.79 

Weight = 0.00459961 (5 x stressY-^ x {Imgth) o-w * 

=z omOS^m {stressf'^ x {Ungthy-^ , . .{IQl) 
(log. 0.01082713 = 2.0345136). 
By means of this formula the weights in the following table 
have been computed. 

* See also CoL MerriU^s Iron Truss Bridges for EaU-Eoads^ p. 51. 
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Hence, for one-half of the trusB, we hare the following 
results : — 



Piece. 



Haximtm Comfbbssion on Upper Chord. 



LBS. 



Cf- 






^r u 

3 TI T 
T 8 
8 R 

B Q 
/ Q P 
vP O 

/6N M 
ilM L 
L K 



J5 

2 
28 

2 
81 

2 

87 

2 
48 

2 

47 

2 

il 
2 
58 

2 
56 

2 
56^ 

2 
56 

2 



{p + -2^?! 



141,675 

217,235 

292,795 

349,465........ 

406,135 

443,915 

481,695 

500,585 

519,475 

519,475 

519,475 (half of) 



Total 



Weight 

IN 
LBS. 



435 

547 
640 
705 
761 
798 
834 
851 
868 
868 
434 



7,741 



The stresses upon the lower chord are found in the same 
manner, observing to take the origin of moments at the proper 
joint of the upper chord. 

The weights of the pieces are found from the formula : — 

^ . , 5 X stress in pounds x length in feet 
stress in pounds x length in feet 

■" poo ^ 

This is for a factor of safety oifioe. 
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In this way the following table was compated : — 



PiSCB. 



Maximum Tknsion ok tre Lower Chobd. 



LB& 



V u 

u t 

t 8 

s r 

r q 

q p 

p o 

n 

m I 

1 k 





x(-P + ^>)= *7,225 

-r (-P + t^O = 141,675 

f (i? + «^0 = 217,235 

-T (-P + ^0 = 292,795 

-f- (j> + w,) = 349,465 

-f (i> + ^i) = *06,136 

^ (^ + w,) = 443,915 

-f (-P + ^,) = 481,695 

-X (i> + w,) = 500,585 

^ {jp .+ w,) = 519,475 (half of) 

Total 



Weight 

IN 
LBSL 



125 

380 

575 

775 

920 

1,074 

1,174 

1,274 

1,324 

687 



8,308 



THE TIES. 

A slight ambiguity also exists in regard to the stress on the 
ties, but I have assumed for the dead load that it is zero at the 
centre, and increases uniformly to the ends ; but for the live 
load I assume that the weights on each of the joints are equal 
to 13,640 lbs. 

The former hypothesis makes the stress on the end ties (J-4.), 

5 W^ 860 0, instead of -^rr- W^y 8€0 0. 

For a maximum stress on the main ties the load must extend 
from tlae tie to the remote end, and for a counter tie, from it 
to the near end, as has been shown heretofore. The method of 
determining the stresses is sufficiently evident from previous 
explanations. The weights of the ties are determined f ix)m Eq. 
(157). The results for one-half the ties are given in the follow- 
ing table. 
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PiBCE. 



Maximum Tension on the Tibs. 



LBS. 



h A 


e A 


d B 


e 


fD 


g E 


h F 


i 


h H 


I I 



m 
n 
o 



K = 
L = 
Jf = 



{la 

21 -^ 

^P 
21 Jr 

^P 

21-^ 

21-^ 

^P 
21 ■'^ 

^P 
21 -^ 

^P 
P 



+ 5 M>,' 

+ &w, 
+ iw, 
+ 3«), 

+ aw*.. 



21 
JO 

21 
16 



+ 
+ 
± 
± 



^y^ fl2_ 0^«^ *— ^ 



o = 

p = 



r 

8 

t 



21 JP 
81 -C 

?L 

AP 
iiP 

i^P 



w, 
w, 

0' 



I 



— 2 i^/i 

— 4 ^j 

— 41^, 



4 t/^; 

X ^ 2 

X \/T 

X -/"T 

X -y/T 

X -y/T 

X VT 

X ^T 

X -v/T 

X y/T 

X -v/T 

X \/"r 

X ^"2" 

X ^/"2' 

X y/T 

X -/T 

X y/~2 

X \/"2" 

X "v/T 

X v^T 



109,228 

129,247 

112,365 

104,312 

88,407 

72,999 

66,285 

59,849 

46,004 

40,490 

27,556 

22,999 

10,917 

7,272 

Negative 

Negative ...... 

Negative 

Negative 

Negative 

Negative 



Weight 

IN 
LBS. 



636 
952 
828 
768 
651 
538 
483 
441 
339 
299 
203 
169 
81 
64 



Total 



6,442 



The Vertical Struts. 

The vertical component of the stress on the struts is the same 
as for the ties, as has been before shown, and hence the general 
expressions are given in the parenthesis of the preceding table. 
Their weights are computed from Eq. (156). The results for 
half the struts are given in the following table : — 



1«0 
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PiBCB. 



llAxnnni OouPBEBUoir oir thb Po8t& 



LBS. 



a A 
h B 
e O 
dD 

6 E 

f F 

hE 
i I 
hK 
I L 



= 10 J) + 

= ycJP + 
= ^P + 

Total = . . 



10 w 

Zw 
Bw 
2w 
2w 
w 
w 








188,900. 
79,457 
73,621 
62,514. 
57,319 
49,393. 
44,531, 
34,420. 
30,253. 
19,486. 
16,238. 



Weight 
HI 

LB8. 

1,841 

1,162 

1,115 

1,024 

977 

902 

854 

745 

695 

550 

499 



10,364 



Hence we have : — lbs. 

Weight of upper chord = 7,741 

Weight of lower chord = 8,308 

Weight of ties = 6,442 

Weight of posts = 10,364 



Total = 



32,855 
2 



Multiplied by 2, weight of one truss = 65,710 

The computation thus far is for a mere ahdeton truss, and 
hence something must be added for connections, pins, bolts, 
cross-ties, floor and track, to find the full weight of the brid^ge. 
Some of these might be computed, but instead of attempting it, 
we will add 15 per cent, of the above weights for the mediani- 
cal connection, and add * 

For iron floor beams 100.80 lbs. per foot. 

Top lateral struts 21.60 lbs. per foot. 

Top lateral ties 24.00 lbs. per foot. 

Track (including raOs, ties, etc., etc.). . . . 245.60 lbs. per foot. 

Total 392.00 lbs. per foot. 

* I haye taken some of these numbers so as to make tibem agree with those 
in an article which I published in the BaHrBoad Oagette, Dea 24th, 1870. 
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And for half the bridge we multiply this by 100. 
Hence we have : — 

Weight of one truss 65,710 lbs. 

Weight 15 per cent 9,857 lbs. 

Half weight of floor, etc., etc., as above 39,200 lbs. 

Weight of half the bridge 114,767 lbs. 

Total weight of the bridge 229,534 lbs. 

After deducting the weight of the end posts, half the weight 
of the end ties, and half the weight of the end bays of the 
chords, I find that the computed weight exceeds the assumed 
weight by about 5,000 lbs. This, however, would increase 
the preceding result by a small amount only. 

I have also made the following computations, using the same 
live load per foot of length as above, and assuming that the 
ties incline at an angle of 45°. 



Live Load 
per Panel. 


16 
20 
21 
21 


Assumed weight 
of the TruBs. 


Depth. 


Weight 

of Upper 

Chord. 


Weight 

of Lower 

Chord. 


Weight 

of the 

Ties. 


Weight of 
the Posts. 


Gompated 
Weight of 
theTmas. 


Lbs. 

17,600 
14,080 
13,640 
18,640 


Lbs. 

240,000 
240,000 
280,000 
210,000 


Pt. 

25.00 
20.00 
18.75 
18.75 


Lbs. 

8,895 
7,953 

7,884 
7,741 


Lbs. 

6,221 
7,934 
8,935 

8,308 


Lbs. 

6,790 

6,615 

10,449 

10,364 


Lbs. 

13,748 
11,133 

10,748 
6,442 


Lbs. 

242,408 
233.284 
232,753 
229,584 



The live load is nearly the same per foot of length in all 
these cases. We see that the assunted weight has much less 
influence upon the resultant weight than the depth of the truss 
has. The data in the first two cases are essentially the same 
except the depth, and we see that the resultant weight is less 
for the less depth. This result appeam still .more striding by 
comparing the third case with the others ; for here, the weight 
is 40,000 lbs, more, and the depth is 15 inches less, than in the 
preceding case, and yet the computed weight is less than in the 
preceding case. 

If the members which are svhjected to com^easion a/re pro- 
portioned as for piUars^ it is easy to show thxx^t for mini/m/um 
mjOterial the depth m^ist be injmitely small. 
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Fig. 93. 



^ One of the builders of these trusses (and 

^ perhaps many others do the same) insists that 
a depth equal to one-eighth of the span gives 
the best results. As we have just seen, it does 
not give the minirmim material^ but it must 
be observed that the less the depth the greater 

^ is the number of bays, and hence more pieces 
must be used. The small saving in mate- 

fii rial in a low truss is more than balanced 
by the extra cost of labor in manufacturing 
them. Indeed the whole problem of " Mini- 
mum Material" in trusses is more theoretical 
than practical. The saving of a few lbs. of 
material is as nothing compared with the 
best modes of connecting the parts, and of 
conveniences in erecting the structure. It 
would also be folly — if not madness — ^to insist 
upon saving a few pounds for the sake of 
making a lighter truss than some other build- 
er, if by so doing it involved any known risk 
of safety or durability. 



135. — POST'S TRUSS is a slight modifica- 
tion of the ordinary panel system. The posts in- 
cline towards the centre having a run of half 
a bay; the ties cross a post and incline 45**, 
and the counter-ties have the same inclination, 
but cross only one panel, as shown in Fig. 93. 

The mode of analysis is essentially the same 
as that already explained for the panel system. 
Let 

Span or = 200 feet = L 

Depth of truss 18 feet 9 in. = /> 

No. of panels 16 = JT 

Panel length 12 feet 6 in. = i 

Panel weight of engine . 17,600 lbs. = p 
Panel weight of one truss 6,562^ lbs. = w 

This load is essentially the same as that 
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assnmed in the preceding pi'oblem. The span and depth are 
the same. 

TTEa 

To find the maximum strain on the ties and posts, suppose 
that the live load extends over the whole length of the truss, and 
moves off, without shock, in the direction from r towards a. 
The maximum strain on Rt and Rq[ will be when the load ex- 
tends the whole length ; on Rp when the load extends from^ 
to a ; on oQ and Qq when it extends from t? to a, and so on to 
the centre, beyond which we get the maximum on the counter- 
ties only ; and to get the maximum on the other half of the 
bridge, we suppose that the live load moves in the opposite 
direction, and consider the maximum on the post and main ties 
to the centre, and on the counter-ties beyond the centre, as 
before. The results are entered in the annexed table. To 
show how they are obtained, take cD^ for example, and consider 
first the moving load. Since ah is only half a bay, the joint b 
will sustain only ip (although in considering the dead load I 
have supposed that w^ is supported there). If the truss had no 
weight the loads at h and c would produce tension on a diagonal 
passing from o\/o D. Although this diagonal is not shown, 
yet we may find the stress which tends to pass through it. 

The strain is produced by a load of ip at J, andjp at c. A 
portion of the strain due to ip is transmitted through hC^ 
thence to <?, thence through cD (not shown in the figure), and 
so on to r. Similarly the strain due to j? at c is transmitted 
through cDj and so on to r. Hence, if we find how much of 
the weight is sustained at r, we find how much would be trans- 
mitted through cDj by multiplying the result by the secant of 
the inclination. This is easily found by moments. Taking the 
origin of moments at a, the lever arm of f j> is aJ = one- 
half a bay ; of ^ at c, is ac = IJ bays ; and the arm of the 
moment of the reaction at r is 16 bays. 

Hence we have 16 x reaction = ip x i + jp x f 

.*. reaction = -^^p 

In a similar way find the stress due to the weight of the truss, 
by observing that it is loaded the whole length by the weight of 
the truss. Or^ observe that the strain at the middle due to the 
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weight of the trofis is zero, and increases each way from the 
centre, and we find that the stress due to w^ is Zw^ sec 0. Hence 
the resultant stress due to both loads is 

as shown in the following table. In this case it is negatiye. 
The secant of the inclination is */ 2, and the length of a tie is 
18.76 X V 2. Hence we readily find the following results : 



PUfiClfi. 



Maximum Tension on thb Tma 



IiB& 



Weight 

IN 
IiB& 



p B = 

o Q = 

n P = 

I iir = 

J Z = 

i K = 

k 7 = 

g H = 

f <? = 

e F = 

d E = 
h 






0= (, 



^256 ^ 

%!> + 
l^p + 

1256 •'^ 

.128 -'^ 

128 -^ 

?L » — 

128 -^ 

128 -^ 
8_7> _ 

128 -^ 



4t(Tj 

3wj 

2w?, 

2w?j 



(i 




3w. 






X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



V"5- = 

V-2- = 

V"T- = 

•~ = 
V— = 



103,979 

117,542 

112,138 

95,804 

81,856 

67,078 

54,685 

OljoZi 

30,627 

O I ,«/Xt/ •■•••• 

18,526 

9,405 

Negative . 

Negative. . . . 
Negative. . .. 
Negative. . .. 



571 

866 
826 
706 
603 
494 
403 
280 
226 
286 
137 
69 



Total 



6,467 



posra 



The end posts sustain the weights <m both partial trasses, 
which equals the sum of the quantities in the first two parentheses 
of the preceding table, multiplied b j the secant of the inclina- 
tion, which is i >/~io'. The length of a post is i of 18.75 VTOt- 
. .When the. train extends from, the .centre to (we end of tiuB 



Tosfd TBoris. 



1^' 



bridge, it-is impoeeible to tell exactly how modi w sustained by 
li Ij respectively, bnt the most rational assumption is, that 
each transmits half the strains from /to the lower chord. We 
readily find the following restdts : — 



FlECB. 



r ^ = 

9. Q = 

= 

n iir = 

1 L = 
k K = 

5 J = 



Maximttm Gomfbession on thb Posts. 



LB& 






256 -^^ 
256-^ 

256-*^ 
256-*^ 
286-^ 



+ 8w, 

+ Sw, 

+ 2w, 
+ w^ 
+ w, 
+ 
+ 0] 



i Vio" 
i V^ 



188,900. 
81,336. 
69,160. 
59,613, 
48,498 , 
40,011, 
29,195 , 
22,827 



= 14,131 



Total 



Wbioht 
Lsa 



■U 



1,843 ' 
1,498 
1,198 
1,102 

988 

•898 

755 

662 

512 



9,460 



THE CHORDS. 

The maximnm strain on the chords is produced by a load extend- 
ing the whole length of the span. The strain on any bay is most 
easily found by the principle of moments. For example, take no. 
If this piece be severed the truss may fall by turning about O or 
jP. To find the strain on op^ suppose that the truss is separated 
into two simple ones, one being composed of the parts rli, lip, 
pPy Pn^ etc. ; and the other of rR, Itq, qQ, Qoj oOy Om, etc. 
We find the strain on np for the first partial truss, and oq for 
the second, and add the results for the strain on op. Let F. be 
the amount sustained at r for the first truss, and F, that sus- 
tained by the second truss. By examining the table of sti'ains 
for the ties, we see that the reaction at a for the first partial truss 
is ^^^ ^ -f 4 ^0J. The origin of moments being at Q, let fall 
a perpendicular Qx, then will the lever arm of Fj be l = xr. 

The load at q being \p -h w^, and its arm being x q-=i\l^ 
its moment will be (f j? + w^\l\ and as F, and this load act 
in opposite senses, we have for the total moment, 
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R,D= F.Z-(i/> + «7.)4i; but2)= ^l 



2 



_ r/1053 
•••^•= [(256 -P 



+ 4 w^ - i (f i> + V) 



,)]» = 



957 . 7 

38i ^ + 3 ""' 
For the other partial truss, let fall a perpendicular from P to 
the lower chord. Calling the strain on n p for this part of the 
truss H^ and we find, 

o- 1734 ^ 15 
••^•=-384^ + F^' 
Hence the strain on o^ is 

„ . „ 2691 ^22 

fts given in the table. 

In a similar way the strains on any part of tne upper or 
lower chord are found and entered in the table. The length 
of each regular bay, which is the length of the pieces of the 
chord, is 12^ feet. 



PiBCB. 



ah or qr 
i or gj> 

d ovp o 

de or on 

ef ornm 

fg or ml 

gh or Ik 

hi or kj 

J* 



MAxnnnf Tension on thb Lo'web Ohobd 

IiBS. 



= ^P -t- T«'« = 59^74 

= ^^ + -»_«,, =171,462 

= ^p + -^w, = 282,287 

= ^jp + J*.w, =360,387 

= ^p + ^w, =413,558 

= ^j, f -f-w. =475,162 

= 3^p + J^w, = 485,200 

= ^ J) + ^ w, = 509,646 (half).. 

Total , 



Wbiohts. 



205 

595 

980 

1,257 

1,435 

1,650 

1,085 

885 



8,686 



r 
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Piece. 



MaXIMTTM Ck>MFBEfi8ION ON THE IJFFEB GHOBD. 

LB& 



1282 



1282 ^ I 16 «y, 
24S0 



= -^i> + -!-«'.= 



4187 



R Q 

^ p = ^_p + 4 «,. = 

ML 
LK 
KT 



256 -/^ ^ ,8 *"• 

I. ^ W, 

5161 



_™ ,8 

<W6 „ I M 
856 -r ^ 8 



5818 






8 

gg02 /n 4- M 
256 -^ "^ 8 



119,805. 

228,414. 
326,437. 

389,420. 
445,350. 
487,068. 
499,738. 
508,273. 



Total = 



Weights 

LBS. 



668 
943 
1,139 
1,249 
1,347 
1,409 
1,428 
1,441 

9,624 



The sum of these gives the weight of one-half the truss. We 
have 

Weight of ties = 5,467 lbs. 

Weight of posts = 9,450 lbs. 

Weight of lower chord = 8,686 lbs. 

Weight of upper chord = 9,624 lbs. 



Total 



Multiply by two and we have weight ) 
of one truss = \ 



33,227 lbs. 
2 



66,454 lbs. 



Allowing 15 per cent, on this weight for connections, as 
before, and the same quantities as in the preceding case for 
beams, etc., as follows, and we have, 

For iron floor-beams 100.80 lbs. per foot 

Top lateral struts 21.60 lbs. per foot 

Top lateral ties 24.00 lbs. per foot 

Track (including rails, ties, etc.) 245.60 lbs. per foot 

Total 392.00 lbs. per foot 

And for half the bridge we multiply this by 100. Hence wo 
have for 
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POST'S TRUSS. 

Weight of one truss 66,454 Ibe. 

Weight 15 per cent 9,968 lbs. 

Weight of floor, etc., as above 39,200 lbs. 

Weight of half the bridge 115,622 lbs. 

Total weight of bridge 231,244 lbs. 

This result is about 1,700 lbs. greater than for the panel 
system of the same data. This result in kind might have been 
anticipated, since posts being much heavier than the ties, should 
not incline so much as this system demands (18° 26' .from the 
vertical, since cotang. of inclination = ^Z-5-i?= 3), as was 
shown in article 122. Still, in the eyes of some, the Post truss 
may have other advantages which more than overbalance this 
loss (if we may so call it) of metal. If they have the same 
depth and the ties make two intersections — or in other words, 
cross two panels — and the ties incline at an angle of 45 
degrees, as they do in practice in both systems, then the 
number of bays and panels in the panel system is about 25 
per cent, greater than the Post truss. In the example which 
we have analyzed, the Post truss has 16 panels and the other 
truss 21 panels, so that for the same span and depth the Post 
truss has fewer posts, fewer ties, and a less number of parts in 
the chords ; the length of the chords is the same, the length of 

the ties the same, and the length of the posts -J y 10 = 1.054 
longer than the corresponding parts of the other truss. A 
comparison of the results shows that the total weight of the 
ties and posts in the panel truss exceeds considerably the total 
weight of the same pieces in the Post truss. This excess, 
however, is more than made up by the greatly diminished 
weight of the upper chord, which is caused by the shorter 
pieces of which it is composed, in the example before us. As 
we have seen, the weight increases nearly as the square of the 
length of the compression members. 

We see that the difference in weight is quite too small to 
establish the superiority of one over the other. The simplicity 
of the details, the ease with which they may be erected, their 
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liability to get out of repair, and the ease with which they may 
be repaired, are more vital questions than the mere saving of a 
few lbs. of iron. Still the question of form is a very import- 
ant one. Lightness in itself is desirable, but other qualities 
are equally desirable, and the engineer should seek to combine 
as many good qualities as possible.* 

* Mr. Post gave this inclination to the posts so as to secure less material than 
in the ordinary panel system with vertical posts. An attempt to prove this is 
giyen in GoL Merrill's *^ Iron Truss Bridges for BaU-Boads," p. 121, but there 
are several assumptions in the demonstration which are not demanded by the 
problem, and, by introducing them, make the solution of little or no value. 
In the first place it is ctssumed that the middle pair of posts meet in the 
middle, as at J, Fig. 92. This is not necessaiy in the discussion, although the 
inventor may construct it in that way. 

In the next place it is assumed that the run of a brace is half a bay. This 
is begging the question ; for he does not consider the run of a tie in the 
solution, and hence it would be just as fair to assume that the run is one- 
fourth, or any other fraction of a bay. In other words, the number of bays is 
independent of the run of a brace. Bemoving these two assumptiona from the 
eolation, and it follows quickly that the posts should be vertical. For we have 

W = the weight to be carried ; 
h = the depth of the truss ; and 
b = the run of the brace. 

^ V b* + h* 

.'. Stress on the brace = jr-j 

2 fi 

If JV = the number of braces, their 

Volume = constant x JVj ^ + ^H x I" ♦^ d» + A< 1" 

in which m = ^ , and 

1.79 
n =i 



0.94 
As 6 is here the only variable, it is evidently a minimum for b = 0, 

But if JV is a function of the run of the brace, as, for instance, JV =— - 

where is an assumed constant, and L = the span, we have, 

Ij r^ V A* 4. A^T*** r n* 

Voiume = constant x -j- I "^ ^* I x I ^ b* + h* I 

^ constant x-[^j x— 3— ^ 

which is to be a minimum. All is constant but the last factor. Solving gives 
b = 0.8336 h 

.-. -V- = 0.8336 = ta^g 39" 49' 

In this solution the number of braces is arbitrary, and their ran may be anj 
fractional part of the bay. 
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136. — ^BXTRA 8TRAiif8. — ^We have snppoeed that the chorda 
were parallel and horizontal. But if they sag, or are arched, 
the strains upon the several parts will be slightly modified. 
For instance, if they sag, the strains in the chords will have 
a downward component. This component may produce an 
additional stress on the verticals. But I think that in no case 
of good workmanship will it be necessary to consider the effect 
of such a stress. 

MULTIPLE SYSTEMS. 

187.— H[AUPT»s I.ATTICB, is of the form of a multiple 
panel system, as shown in Fig, 93. It is a wooden structure in 



n a n n_-C3 a " »^ " □ □ n, 



n — 15 n ri n 




Fia. 93. 



which one-half the pieces are vertical and serve as ties, and the 
other half are inclined at an angle of about 45 degrees and 
serve as braces. There are no counter-braces. The main 
braces meet in the centre, as shown in the figure. 

For heavy loads on a light structure this would be a weak 
point. By securing the main braces at their ends to the verti- 
cals, or to the chords, would cause them to act as counter-braces 
when necessary. The inventor supposed that one-half the 
pieces should be vertical in order to resist the vertical forces in 
the truss, but we have seen in the triangular system that this is 
not necessary, and it is questionable whether it possesses as 
much advantage over Towne's Lattice as was at first supposed. 

The inventor introduced an arch into the system, which makes 
it a compound system. The arch will add very much to the stiff- 
ness of the structure, as well as to its strength. Without the 
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■rch, it may be analyzed in the same way aa Towne's lattice, 
but with the arch it Is impoaaible to make an exact analyaiA. 

138.— BALL'S i-ATTicB.— If Hanpt's Lattice be inverted 
we shall have the mechanical conditions of Hall's Lattice. The 



inventor was induced to make it of this form because the nlti- 
mate resistance of wood is greater for tension than for compres- 
sion, and the oblique pieces are subjected to greater strains 
than the verticals. But as the pieces cannot hold more than 
their fastenings, and aa it is difficult to eecure the ends of 
wooden pieces so as to bring into use their full tensile strength, 
it is doubtful if this is any improvement over other forms of 
lattice trasses. 

139. — LATERAL HORIZONTAL BBAOiVG is necessary to 

resist the side pressare of the wind and to prevent swaying from 
passing loads. The pressure of the wind is like a uniform load, 
and its amount may be determined with sufficient accuracy by 
multiplying the total side area in square feet wliich is exposed 
to the wind by 40; the result will be the pressure in Iba. 



The bracing must resist the pressure from both sides, and may bo 
like a Howe Truss placed under the roadway or over it, or both 
under and over, or it may be arranged as indicated in Fig. 95. 
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* 140. — KHBB BRAOBS are to hold the side trusses eiect 
against the pressure of the wind. The trusses are placed on 
eacih side of the roadway and the latter is suspended from them. 
When necessary a knee-brace A^ Fig. 96, or a tie-brace B^ of the 
same figure, is introduced. The total pressure of the wind 
being known, and its centre of pressure being at half the depth 
of the truss, and the truss tending to turn about J, Fig. 96, it is 





Fio. 96. 



Fig. 97. 



easy to find the pressure P upon the knee brace at the pomt 
where the bolt a is inserted. Similarly for the point e on the 
other side. The dimensions of the knee brace may then be found 
on the condition of a beam fixed at one end, and a force P ap- 
plied at the other. The stress on B will be P sec 0. 

In the case of a deck hridge^ or one in which the whole 
bridge is below the roadway, there will be room to place the 
braces as in Fig. 97. In such cases the braces need not be 
large. 

141. — STABIIilTir OF TB[B BRIDGE ON ITS SUPPORTS. 

— The bridge may be overturned by the force of the wind, or 
it may be slid off by the same force. If 

A = the area in feet exposed to the wind ; 
B = the width of the bridge on the supports ; 
W = the total weight of the bridge; and 
f = the force of the wind per square foot, 
we must have, in order to prevent overturning, 

Wxi^>fJ.xi2>. 

f in ordinary cases rarely exceeds 8 or 10 lbs. per square 
foot, but in rare cases it has exceeded 40 lbs. This will be 
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xncire f ally discussed in the Part on Koofc. If the above ine- 
quality does not exist, the bridge should be anchored in some 
suitable way. 

If y = the coefficient of friction, we must have, to prevent 
slipping, 

fW>iA 
Values of f 

For Oak upon oak ./ = 0. 62 = f neariy 

Oak upon elm .^ = 0. 38 = J neariy 

Iron upon oak • %/* = ^-65 = f nearly 

Cast iron upon cast iron . . . .y = 0. 16 == ^ nearly 
Oak upon calcareous stone .y = 0. 49 = i nearly 
If the above inequality does not exist, the bridge must bo 
anchored. 

GRAPHICAL REPRESENTATION OF THE LAW OP STRAINS. 

1 43. — CONTINUOUS I<0 ADING— TBRTIC Ali SHB ARINIil 

STRESS. — Let a beam A C, Fig. 98, be loaded uniformly, and 
continuously from one end 

A to some point B. Let the Vi v^ 

beam be considered as a uni- ^ ^ 

form load throughout. If 1 b 

-»e coDMive that a tra» has A.^W^M .8 



1' 



indefinitely short bays, so 

that if one of the chords be fig. 98. 

severed it may turn about 

any point, considered as a joint, the case will be essentially the 

same as the one we are considering ; and even when the bays 

have a finite length, the formulas which we shall develop from 

this case will be sufliciently exact for most cases. 

The chief advantage of assuming that the strains are con- 
tinuous, instead of being concentrated at joints (or nod^) only, 
as in the preceding cases, is that the km) of change can be 
represented by straight lines, or by continuous curves, as the 
case may be, and the results may be more easily discussed. 

Let Z = AC = distance between the supports; 
X = AB = tlxe length of live load; 
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w = the weight per foot of length of the beam (dead 

load); 
ft/ = the weight per foot of length of the live load ; 
W^ := to Z = the weight of the beam or bridge; 
IF, = «/ Z = the total weight of the live load when it 
extends the whole length of the span ; 

w= f;+ TT.; 

Fj = the reaction of the support at A ; 
V^ =■ the reaction of the support at C; 
S^ = the shearing stress ; and 
z =z Ca = any distance measured from G. 
We readily find that 

r, = ^wL+ -^(Z - i a?) a? (163) 

F. = ii/.Z + ^ (164) 

The vertical shearing stress at any point between C and JB is 
found by subtracting from the value of T^ all the load between 
the end C and the joint considered. 

/. >S, = T^ —wz = i wZ + —^ wz (165) 

Now we desire to show that the shearing at the point a is 
greatest when the load extends from A to a (prx + z = Z) and 
Aa is greater than aO^ or x > z. 

1st, Suppose that the load is uniform on £a, and equal to 
id' X £ay then we readily find that the shearing stress at a is 

V • -h t^Z + — = WZy 

which is greater than Eq. (165.) It is also evident that if any 
part of Ba be loaded, the shearing stress at a will be greater 
than if it be wholly unloaded. 

2d, Suppose that the load extends from A to some point to 
the right of a. Then a fractional part of this load, say n-^^ part, 
will be supported at (7, but in obtaining the shearing stress, the 
whole of the load at the right of a must be deducted from the 
reaction of the support at O; and hence the shearing stress at 
a will be less tlian if it extended only to a. 
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If the load extends from J. to d^, ;3 = Z — «, and Eq. (165) 
becomes 

8.= \wL +%4-- yj{L-x) (166) 

3d, Suppose that the live load extends only from a\K> C^ then 
will the shearing stress at a be 

S\' = V^ — tox = i wL + -r-^ (Z — oif — vyx^ 

which taken from Eq. (166) gives 

S. - aSV = - i (to' + 2t^?) (Z - 2a;); 

which is zero for aj = i Z ; 

Negative for x <\ L\ 
Positive for x > \ L\ hence 

the vertical shearing stress at amy point for a uniform load is 
greatest when the greater segment of the span is loaded^ and 
the shorter unloaded. 

For this case Eq. (166) becomes 

S. = ^ + t^? aj - i ^/?Z = y (say) (167) 

Equation (167) is the Equation of a parabola, in which y is 
vertical, as shown in Fig. 98. The 
ordinates of the curve BD represent 
the vertical shearing stress at the rear 
end of the live load for uniform live 
and dead loads, the length of the live 
load being equal to the length of the 
span, and moving off from the beam 
towards the left, or moving on to the beam towards the right, 
without shock. The curve through E represents a similar vertical 
shearing stress for a live load moving in the opposite direc- 
tion. 

In truss bridges with parallel chords the diagonals incline 
one way from G to 2>, and in the opposite direction from 
A to where the dotted line crosses A C^ and the middle part of 
the line which is included between the two curves represents 
the part of the truss in which diagonals incline both ways. 

For a; = Z, y is a maximum = BC = 
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To find where the curve crosses the axis of x, make y = in 
Eq. (167) and solve for x. 



1^ ^ w _^w' 



(168) 



This value {x^) is also the point of zero shearing stress. 

2 w = w^ 
6 w = w^ 



10 w = w^ 



Xo = 0.41 Z or - 2.41 Z 



X. 



.o = 0.36 Z or - 1.18 Z 
Xo = 0.29 Z or - 0.46 Z 
x^ = 0.23 Z or — 0.45. 



The negative values do not come within the limits of the 
problem and only have an analytical signification. 

The value of Xo shows how far from each end counter-braces 
are unnecessary, and as the live load rarely exceeds two or three 
times the dead load, it appears that we may safely say in prac- 
tice that for a distance of . 3 Z from each end no counter- 
braces are needed. 

The effect of the live and dead loads may be shown separately. 
Thus, in Eq. (167) let 



and 




Fig. 99. 



2Z 



the former of which is for the live load, 
and is the Equation of a parabola, as in 
Fig. 99, in which the vertex of the curve 
is at the origin of co-ordinates, at D. The 
latter is for the dead load, and is repre- 
sented by the straight line AJB. The 
point JE where these lines cross is the point 
of zero shearing. 



14SI. — oENKBAii PROBijfiixis. — 1. Find a general expres- 
sion for the point of vertical zero shearing stress, when a beam 
has a imiform dead load and a uniform live load, the live load 
extending from one end to any point of the span. 

2. Find a general relation between the centre of gravity and 
the point of zero shearing stress for a imiform dead load and a 
uniform live load, the latter of which extends from one end 
to any point of the span. 
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3. Show from the preceding when the distance between the 
point of zero shearing and the centre of gravity is a maxunum, 
and when it is a minimum. 

4. Suppose that a uniform load, fA a train of cars, is headed 
by a single weight P, as a locomotive, and that there is a uni- 
form dead load : required the expression for the shearing stress 
at the point where P is applied as the train moves along, sup- 
posing that all of P is applied at a point. 

144. — STRAINS UPON THB CHORDS.— ;If wc suppose that 
the chords are liable to break at any point, instead of at a jointy 




Fro. loa 

we find a very simple expression for the strains upon the 
chords. 
In Fig. 100, 
Let » = AB ; 

D = ££= the depth; 
T 2= J Tf = one-half the total load; 
£r = the strain upon the chord at any point ; 
w = the load per foot of length of live and dead loads. 
Taking the origin of moments at JE, and we have 

i Wx-^iwa? =z M.D (169) 

^^"^" (170) 



.ff = 



227 



which is the equation of a parabola, whose axis is vertical, and 

whose origin is over the middle of 

the span, as shown in Eig. 101. 

The value of J7 is a maximum 

for « = i Z; for which ^ = ^'^- ^^^• 

i -yp. It also diminishes as the depth incceases.. 
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PBOBLBiss. — ^1. What nmst be the depth of the trnes so 
that the Btress in the chords at the middle of the span shall 

equal —th part of the total live and dead loads ? 
ft 

2. Find the point where the strain upon the chords equals 

the vertical shearing stress. 

NoTB.— The -vertical Bhearing gte o w multiplied by the M0l gives the Btren 
apoa the diagonals. 

3. Find the point where the stress upon the diagonals equals 
the stress upon the chords. 

145* — RELATION BETHrBBN TMB SHEARING STRESS ANB 

THE MOMENTS OF APPLIED FORCES. — Bj differentiating 
Equation (169), we have 

— |^ = i^-«'« (1^) 

the second member of which is the value of the shearing stress 
at any point for a uniform pei'manent load. Hence, tlie aJiear- 
ing stress is the first differential coefficient of the moment of 
applied forces (the forces being perpendicular to the axis of the 
beam). 

The reverse is also true, that the moments of applied forces 
may be found by multiplying the expression for the shearing 
Btress by the differential of the abscissa and integrating the 
expression. 



CHAPTER IV. 

TRUSSES WITH CHORDS NOT PARALLEL. 

140. — xtCAiA.j!tp» TRD«s. — One of the simplest bridges 
of this kind is called McCallnm'e Truss, ae shown in Fig. lOi 
Tliis is « view of one-half of the SuBquehannah Bridge on the 
New York and Erie Railroad, The span is neariy 200 feet* 
The general style of this truss is that of the " Howe Type." 
The lower chord is horizontal. The mtrni peculiarity is the 
cnrvature of the upper chord, although the inventor gave due 
consideration to the details of the construction. The long 



braces which pass from the abutment and reach over two or 
three panels are called arch-braces. As the chords are horizon- 
tal at the middle, the strain upon them at that point will be the 
Bame as for parallel chords throughout, and will be, with suffi- 
cient accuracy, i — jr- , but near the ends the stress will be 

greater than for parallel chords, because the depth of the 
truss is less ; but this is not a disadvantage, for we have fonnd 
in our previouti investigations that in the latter case the stress is 
mncb leas than it is at the middle ; and when the chords are 
made of nniform size thronghont this is a decided gain. The 
« Apfhtm'i Jboft. Mag., 1803, p. 78. ■■ 



180 



TBBATISB OH BRIDOSB. 



Btren upon the end braces will be nearly i Wsec 0, and hence 
may be the same as for trasses with parallel chords. The stress 
upon die diagonals and verticals, excepting those which are neai 
the middle, will generally be somewhat less than upon those in 
trusses having parallel chords, for the upper chord in a measure 
acts as a brace. 

This trass is not necessarily any Granger than a Howe Truss 
of the same span and depth, but it is ttiffer. 

FABABOLIG ARCHED TRUSa 

147. — ^BTovAnoiff. — ^This truss has a horizontal lower tie 
(chord), and a polygonal upper chord, the vertices of the poly- 
gon being in the arc of a parabola, the vertex of the parabola 
being over the middle of the span, and the curve passing 
through the ends of the span. The trussing may be quad- 
rangular or triangular. 




Li Fig. 103, 

Let N'=i the number of bays in the span; 

n = the number of a bay counting fitnn one 

end; 
Cn, = the compression on the n-th bay of the 

upper chord ; 
tn = the tension on the fir-th bay of the lower 

chord; 
F^- the stress on a diagonal; 
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i^ = the stress ou a yertjoal ; 
t s= the inclination of the arch to the horizon* 

tal; 
= the inclination of a diagonal to the verti- 
cal; 
D = the distance of the vertex of the parabola 
from the horizontal tie ; 
k = the depth of the truss at any point ; 
I = the length of a bay ; 
jp = one of the equal weights placed at the 

joints; and 
V = tiie reaction of the support at JB* 

Let the origin of coordinates be taken at the vertex of the 
curve, X horizontal, and y vertical, and 

a/' = dL,y'' = Lh,2M^ 
2^j = the parameter of the parabola. 
The general equation of the curve is a?" = 2^, y, and for the 

IP V 
point B this becomes i il^ ? = 2^j D :. 2 j?, = and 

the equation of . the curve becomes 

^^'-'^^y ^^ y=^-^r^^ (172) 

Counting from -B, we have B 1 the first bay ; 1-2, the 
second, and so on to 2-3, which call the n-th. Then 

a?' = (i -ZT — 7i) Z, and 
a/' = (i iT- /I + 1) Z, which 

values in Eq. (172) give 

y' = ^(iir-2 7i)«,and 

y"=;^(J?^-2n + 2)' 

For the diagonals which incline to the right, as } 3, ve have 
. , 3—2 I I 



183 . TBXAHBB OH BBIDOBS. 

For the diagonal 2 we haye 

to„^,-=y::=y: = *^(ir-2» + i) (m) 

As in trasses with parallel chords, the diagonals may be 
either ties or braces. They are nsnallj ties, and we will treat 
them as such in the analysis. 

148. — CASK OF 17NIFOBBE i«OAD. — Suppose that equol 
weights are placed at the Jomte ly 2, 3, eto,y throughout. 

Then F=i(ir~l)^. 

If the bay 3-2 be severed, the truss will apparently turn 
about the joint h. Take h as the origin of moments. The load 
between B and the w-th bay will be (/i — 1)^, and its lever arm 
will be (4 n — 1) Z, and the lever arm of F will be (n — 1) ? ; 
and the lever arm of t^, will be A = 2) — y". 

.\t^h^ F(/l - 1) Z - (71 - \)P (i 71 - 1) Z 

••^••8^-^ ~r ^^^®^ 

Hence the stress on the lower chord is uniform throughout 
for a uniform load. 

The same result follows if the load be upon the joints of the 
upper chord. 

The same result also follows i£ ohe taken as the origin of 
moments. 

Hence it is evident that the same result follows if the diago- 
nals are braces instead of ties. 

To find the stress vpon the diagonal TVEsfbr eqtcal weights 
placed at aU the lower joints. 

It is evident that the horizontal component of the compres- 
sion on the upper chord mvnvs the horizontal component of 
tension of the diagonal (tie, h 3) nlust equal the tension on the 
horizontal tie BA. 

I If* 
/. Ot^cosi -- Fsm = t^=z ^-jj-p (177) 
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The sum of the vertical components of the same strains equals 
the vertical shearing stress, or 

e^dni + FcoaO^ V-Sp = i {J!r ■- 2 n + l)p.. ..(178) 

Eliminating c^ between Equations (177) and (178), and we have 

i (iT- 2 71 + 1) - ^-^' tangO 

Foa.,= rrnii^j^i ^- 

Substitute in the second member of this Equation the values 
of tang and tang % Equations (173) and (176), and reducing 
gives 

Fcos -Oy 

hence, there will he no stress mi the diagonal ties for equal 
v^eights pldced at all the joints of the lower chord. 

The same result is true if the diagonals are braces. 

It is also evident that there will be no stress on the diagonals 
for equal weights on all the joints of the upper chord. 

It also becomes evident that for equal weights on all the 
joints of the lower, the stress on the verticals is equal to j?. 

It is also evident that for equal weights on all the joints of the 
upper chord that there will be no stress on either the diagonals 
or the verticals ; and in such a case their only office will be to 
support the lower chord. 

Making i^^ = in Eq. (177) and we have 

c^coBi^tu (179) 

or the horizontal component of stress on the upper chord equals 
the stress on the lower chord ; and hence it is least at the 
middle and greatest at the ends. 

149. OASB OF A PARTI All 17NIFOR9E liOAD. Calling 3-2 

the 7^-th bay, as before, let the load extend from 3 to J., and be 
removed from 2 to -B. 
We shall have 

D-y" 4i)(i\r-» + l) 
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c^rini -{• Fcos ^ = F) /^ q/v^ 

e^oosi-- FmnO^U ) ^ ^ 

"" 1 + tcmg tamgi 

Snbstitatmg tcmg Eq. (173), and tcmg i Eq. (175), and we 
have 

.^^ (i»r-n4.1)(n- l) ^ 

u^AmsA «(7£2Z fta the stress on the tie over the nA^ hay. n inay 
have all values from n = 2 to n = Jf ^ ly and hence the 
expression never becomes negative. It will be necessary, there- 
fore, in order to provide for loads moving in opposite directions, 
to have diagonals incline both ways in all the panels except the 
end ones. 
If we make n — 1 = n,, the preceding Equation becomes 

which is a more simple expression, and gives the stress on the 
tie over the (n^ — 1)*^ bay. n^ may have all values from », = 

8 to w, = i\r. 

l%e stress on the {n — 1)^ vertical wiU he 
^ (iV--n + l )(7i-l) 

It is unnecessary to consider the stress on the upper and 
lower chords for this case, as it is evident that it will be greatest 
on those members when all the joints are loaded. 

ISO. — CASE OF niAGONAIi BBAOBS— It evidentlj makes some 
difFeienoe whether the diagonals axe braeei or ties when the tross is partiaQj 
loaded. Thtu, when the joints 3, 4, 5, eta, to 7, only axe loaded, Fig. 106, if 
the diagonals ate ties, the member b 3 wiU be the aative one, bat if the diag- 
onals are braces j e 2 will be the aative member for the same load. 
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When the diaffonais are braces, toe mayfimd that the streea on (he brtxceifcerthe 
tirihhayie 

{N — n) n p 



F= .. . 

2JV case 

in which n may haye all values from n = 2ton = jr— 1 



a85) 



Example.— Let Jr= 8, -D = 2i. 

The valve of B found from Eq. (174), for each particular brace, and sahsfei- 
tated in Eq. (185), gives the following results : — 



No. of tbe brace, 


XUUUUBUUU Ul bUC 

braces, or 


Yalnes of 


or, n = 


$ Eq. (174). 


OOS0. 


2orM 


33'' 41' 


0.6587 


8 or 62 


28° 4' 


0.8824 


4 or (23 


26*' 34' 


0.8944 


6 or ^ 


28° 4' 


0.8824 


6oif5 


33° 41' 


0.8321 


7 or 5^6 


48° 48' 


0.6587 



stress on the brace 
the n-tfi bay or F, 
Eq. (186). 



0.9013p 
1.0624p 
1.1182p 
1.0624p 
0.9013© 
0.6641p 



We see here that the diagonals equally distant from the centre are equally 
strained ; and hence, the maximum stress on diagonal braces in any panel will 
be nearly the same whether the longer or shorter segment is loaded. A close 
inspection of the figure, in connection with results as found from the solution 
of an example, will show that they will not be exactiy the same. 

The strains on verticals, Fi = ^ — 5^= — p, for a partial uniform load will 

be less than p when iV = or < 8, in which case the strains on the verticals will 
be greatest for the load which rests directly upon them. For JV > 8 the 
strains due to a partial uniform load will exceed p, on those near the centre. 

1 S 1 • — TRIANGULAR TRUSSING — PARABOLIC ARCHER* 

TRUSS* — ^Let the span, Fig. 104, be divided into equal bays, and where verti- 
cals through the middle of the bays meet the parabolic arc, will be the vertices 




Fia. 104. 

of ilia triangieB which form the tmaaing. The parts between the Yeztioes at 
tbe triangles are straight, and form the polygonal upper chord. 
It may be shown in this case that when all the joints of the upper chozd are 



n 
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loaded, there wOl be no stress on the triangular tnusing, and hence there will 
be no orofls strains on the arch. 

Also that when all the joints of the lower chord are loaded, the trussing simplj 
transmits the load to the upper chord, and hence the strains on the diagonal 
trussing will he^pseee nearly (not exactly, because the tie-braces on each side 
of the load are not equaUy inclined). 

Far a ease of partial load, suppose that each of the joints of the lower 

chord, except £[, are loaded with a weight p. The bay at G we will call the 

n-th. We then have for the tie-brace Bff, which may be called the second 

one of the n-th pair of tie-braces, the following values. * 

4i) 
Indination of DJSto the horizontal = tang i = -==j (JV — 2 n — 2) 

IIP 
Inclination of JSH to the vertical = tang e = o n rya /y_ q ttts 

Beaotion of the support at B, 






Stoessoni^g.= ^ = <^-"^f-"-^^>r 1"^ T \ J 

2 Jf L.4 » jQT — 4 »* — 1 J 



^ (186) 



a»$ 



Pabtial Load on the Uffbb Ghobd. — ^If each of the joints from D to 
A are loaded with a weight jp, we may readily find that the stress on JSHjb 

- _ (jy ~ n)« r 4 7t« - 1 - | j? 

and the same form of expression is true for DH^ but the cm is not the same 
for the two tie-braces. 
This expression may be put tmder the form 



F = 



[ {2^-n)n (JV^~n)(JV-2n) "l 
2 JT 4 iJ!r-n)n-l J 



an examination of which shows that the tie-braces are strained more when 
the short segment is loaded than when the long one is loaded. 

1S3. — STRAINS ON THB UPPER CHORD — FOUNB BT 

HOMENars. — The strains on the upper chord may be found by 
solving Equations (180), observing to have the proper value 
in the second member of the first of those equations for the 
particular case. It is correct now for a certain partial load ; 
but if the load extends throughout, whether uniform or not, 
the Equation becomes 

On^i + FcoB ^V — Sj>. 

* See Jour. Framk, Imt.. YoL XLVII., 8d Series, 1864, p. 228. 
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' Bat it is generally preferable to find the value of c^ directly 
bj moments. Thus, in Fig. 103, to find the stress on S, if that 
bay be severed, and the diagonals are ties, the truss would fail 
by turning about the joint 3. Take 3 as the origin of moments, 
and let fall a perpendicular from 3 on to ob, and call its length 
hf = hco8 i (h being the depth c 3). Then, by the principle 
of moments, we. have 

c^x h' = V X BZ -jp, X (3 - 1) -^. X (3 -2) 
in which j?j is the load at 1, and j:>, the load at 8. 

1S3. A GENBBAIi PROBIiBJH. — ^RsQITIBBD THB FOBBC OF 

THB XJPFEfi OHOBD SO THAT THE STRAINS ON IT SHALL BB UNIFOBM 
THBOUGHOUT FOB A UNIFOBM LOAD EXTSNDINO OVEB THE SPAN. 

We have seen, when the chords are horizontal, that the great- 
est sti*e8s is at the middle of the span, and when the lower 
chord is horizontal and the upper chord is a parabolic arch that 
the strains are greatest near the ends. May there not be some 
form such that the strains shall be uniform throughout ? * 
Let L = AB = the length of the span ; 

d = OP = the lever arm of the stress on any bay of 

the upper chord; 
d^ = CE = the value of d at the centre ; 
N = the number of bays in the span ; 
I = the length of each bay. 




Fig. 105. 



n = the number of the bay counting from either end ; 
fn> = the number of the central bay (i-^if iTis even); 
= the compression on the upper chord ; 
p = the load at each joint. 



'VSolntlon by Moments,** by W. 0. WlUits, oliias of 1870, Unio. <s 
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Let the bay Gff be severed, — ^take the origin of momentB at 
Oj and we have 

od = i (Jr - l)p nl - i {n -- 1) I nj> 
= i {If — n) np I 
For the middle of the span, this Equation becomes 

cd^ = i {ST — m) mp I 
Eliminating c and solving gives 

^ = Tjf^r^ (^^^ 

Assume If^ d^, and Z ; hence I becomes known. Find the 
snccessive values of d in Eq. (187). Then construct the poly- 
gon as follows. Divide the span ABj Fig. 105, into parts each 
equal to I. Begin at the middle (7, and erect a perpendicular 
equal to d^. Let the diagonals be braces ; then will ^j&Tbe in 
action and jST^will be parallel to AJB. Erect the vertical JST^ 
and draw I^^O. With (? as a centre, and a radius OP equal to 
the computed value of d (which in this case is for w. = 4 Eq, 
(187,) describe an arc OP ; and through F draw a tangent to 
said arc, and limit it by a vertical through O. Draw the brace 
GJS and proceed as before to L The stress on IB may not be 
the same as fr<»n Ito E, 

In this case the strains on the lower chord will be greater 
near the ends than at the middle. Query. — Can the parts be 
so arranged that the strains on upper and lower chords shall 
both be uniform throughout ? Can this be done when one is 
horizontal % 

1S4. — BOTs CHORDS cvRVKD. — ^If both chords are curved 
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upwards, as in Fig. 106, we may find the stresses upon the 



ASOHED TBUBS. . 189 

choirs bj the principle of moments ; thns, the stress on the 
hay cd may be found by taking the origin of moments at a. 
Draw de perpendicular to the direction of dc^ and we have 

t^ X ae =^ V X ax — Spx 

{ax being the horizontal distance of a from F, and Sjl^ a gene- 
ral expression for the moment of all the load between a and £). 
In a similar way find the stress on aJ = c^. Then in Equation 
(181) substitute V — S p if necessary ior Y. After this 
change is made Equation (181) will give the stress on the diago- 
nals, by substituting the proper values for and i. 

In this way almost any simple truss may be solved, but it is 
not easy to give general formulas which will facilitate the 
solution. 



CHAPTER V. 

COMPOUND STRUCTUREa 

\SS. — beheakk. — By a compound structure I mean the 
combination of two or more simple structures. The BoUman 
Truss, as usually made, Figs. 47 and 48, is a compound struc- 
ture. The main system is a succession of king-posts, but the second- 
ary system is a panel structure. The more common compound 
systems are made by combining a simple arch with some form of 
trussing. The compound systems do not admit of as thorough 
and exact analysis as the simple systems, for they act on differ- 
ent principles, and it is impossible to tell just how much each 
sustains. The more noted ones are wooden structures, and 
as the material yields in one system it throws the strain upon 
the other, and thus there is a constant tendency to equilibrium. 
Such systems are usually made excessively strong, so that one acts 
as a safeguard to the other. The wooden structures that have 
been made on this plan are doubtless much staffer than if all the 
material were put into either of the simple systems. As the arch 
plays an important part in these structures, I will here briefly 
state that if the arch is so made or held that it will not distort, 
we may find the crushing force at tlie crown by the formula, 

wr 

^ = i5 (i««) 



Pio. 107. 

in which L = the span = 2 AB ; 

D = the versed-sine = OB ; 
W = the load on the span ; and 
H = the thrust at the crown. 
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This formula is only true if the arch receives its thrust at the 
abutment, but if it is supported at its ends it becomes simply 
a curved beam, and there will be both tension and compression 
at C. As these arches are usually very flat, the compression at 
the ends will rarely exceed more than 10 per cent, above that at 
the crown. 

1 156. — BURR TRUSS. — ^Thc Burr Truss, Fig. 108, is a wooden 
Btructure and was in very common use in some parts of the 
country not many years since. The arrangement is so evident 




Fig. 108. 




PENN. /?. /?. B. 



Fig. 109. 



from the figure that a special description is deemed unnecessary. 
It appears that the arch was relied upon to resist the strains 
which would, in the panel system, fall upon the counter-braces. 

157. — SECOND Bx AMPLE. — ^Fig. 109 is another example 
of a compound structure which is composed of a Howe Truss 
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and a simple arcL It is evident from the remarks preidonsly 
made, that there is an nnnecessary number of comiter-bracea. 
The arch is nsnallj Becared to the trass by bolts, where the 
members cross each other. 



138. — Ttamn bxahpi.b« — ^Fig. 110 is another example 
of a compound stmctnre. In this the trass is, in a measure, sus- 
pended from the arch by suspension rods. There are no coun- 
ter-braces. Instead of counter-braces in the panels, there are 
iron ties, which incline the same way as the braces, and hence 
serve as counter-braces when necessary. It is very doubtful if 




Fig. 110. 

any are needed near the ends. When either end half of the 
arch is loaded the other half tends to thrust upward, which ten- 
dency should be resisted by the truss ; hence the necessity of 
counter-braces, or counter-ties near the middle ; but near the 
ends the weight of the truss and arch would probably be suffi- 
cient to overcome any such tendency. On this point see the dis- 
cussion on counter-braces. 

Ntmierous other forms might be given, but these will answer 
to illustrate the topic. 

To analyze these structures, ascertain the load which the arch 
will carry, and then the load which the truss will carry, and add 
the results. ITi^ margin of safety for both combined should 
considerably exceed that which would be allowed if either, act- 
ing separately, carried the whole load, for reasons previously 
given. 
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.159. — A ROOF, in common language, is the covering over a 
structure, the chief object of which is to protect the building 
against the effects of snow and rain. It is composed of boards, 
shingles, slate, mastic, or other suitable materials. 




Pig. 111. 

The inclined pieces AC^ and BG^ Fig. Ill, which support 
the roof are called rafters. When the roof is light, the roof 
boards DE 9ire placed directly upon the rafters^ but when thfe 
rafters are far apart, say more than four feet, small pieces «, 
J, c, and d^ called PiTRiiiwES,* are placed across the rafters for 
the purpose of receiving the roof proper. AB is a tie, and E 
and O represent the ends of posts. The frame ABC is called 
a rooftru88, 

lOO. — ROOF TRrssFs havc a great variety of forms, and 
differ greatly in the details of their construction. All the 
trusses which have been discussed in the preceding pages are 

* Purline heama are aometimes placed nuder the zaftex& 
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Boitable for this purpose in many cases. Some other forms are 
given in the following pages. 

161«— -OKHioiAii BATA. — ^A roof tniBS is required to cany 
its own weight, the weight of the purlines, the weight of the 
roof above them, the force of the wind, the weight of snow 
when there is any, and in some cases certain local or concen- 
trated loads, snch as floors, machinery, and the like, which are 
sospended from the roof trasses. 

169. — ^BBSORIPTION OF TflIB ROOF OVBR THB I<AR6H 
HAIili OF THR 17NITBRSrrT OF HICHIGAN. The rOof OVOF 

the large hall of the University of Michigan contains some 
novel features, and in some respects is a bold design. The out- 
line and arrangement of the parts, including the dome, were 
designed by the architect,* but the details of the large trusses 
were arranged and proportioned by the author, and erected 
under his superintendence ; hence they possess a peculiar inter- 
est to him. It is here presented as a practical problem. 

The frontispiece shows a vertical section from east to west 
of the dome and roof, through the centre of the dome, except- 
ing that the truss is shown as if it was between the eye and the 
dome. The west end apparently rests directly upon the col- 
unms which support the roof, but in reality nearly the whole 
dome rests upon the trusses. A skeleton of the elevation and 
plan of the truss is shown in Fig. 112, and a plan of the roof in 
Fig. 113. These Figs, are not drawn to the same scale. 



Sleraiion 




Han 




Fia. 112. 



* The New UniyeiBily Hall was defidgiied by Mr. E. S. Jeaison, a stadent ol 
«he anthor, claaa of 1808, Unin. o/Mch. 
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The width xy^ Fig. 113, over which the trusses are placed, is 
80 feet, and the length vry is 128 feet 10 inches. There are two 
trusses, each like that shown in Fig. 112, placed across the 
space, one at AB^ and the other at A^B\ the distance between 
them from centre to centre, being 34 feet. Side trusses, of the 
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King-Post style, extend from the main trusses to the end walls, 
and are marked (7, G^ C^ in Fig. 113. These are for carrying 
that portion of the roof which is between the main trusses and 
the end walls. Trusses of a similar style 0\ G\ G\ were 
placed between the main truBses. 
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The dome is built around and secured in place by eight long 
posts, twelve inches square, made of joists which are two inches 
thick by twelve inches wide, breaking joints, and firmly bolted 
together. The lower ends of these posts rest upon and are 
secured to trusses at P, P, P, Fig. 113. Four of these are 
secured directly to the main trusses, and the other four to cross 
trusses. The cross truss under the right hand (or east) side of 
the dome is 33 feet from the west end of the main truss. The 
posts all meet each other at a common point near the upper 
end of the dome, as shown in the frontispiece, and are firmly 
secured to each other ; hence, they may be considered as form- 
ing the edges of a regular octagonal pyramid. The height of 
the dome above the lower side of the main trusses is seventy 
feet, and the base covers about 50 feet square on the main roof. 

Purlines, which were two inches thick by twelve inches deep, 
were placed upon tlie cross (or side) trusses C^ O^ 0\ G\ and the 
whole was covered with a continuous flat roof, having a pitch of 
one-half of an inch to the foot, thus forming a large base — 120 
by 128 feet, including the roof in the rear of the main hall 
— for resisting the force of the wind on the dome. All the 
trusses — the main and cross trusses — extend downward into the 
roof, and were made use of for dividing the ceiling into panels. 
The panels were over four feet deep and extended from the 
walls to the main truss on the sides, and from one main truss to 
the other in the middle, the panels under the main trusses 
crossing the others at right angles. The position of dy Fig. 113, 
was determined by the si^e of the base of the dome. The side 
truss at h is midway between A and d^ and those at f and h 
divide the space dB into three equal parts. 

The main rafters AC and CB^ Fig. 112, are solid pieces 
of pine, fourteen inches wide and sixteen inches dt>ep. The 
upper part of the rafter CB is above the roof and cased in. 
The truss A CB is called the PRimAiiir truss. The rafters 
of the SECONBAiiY TRUSS are formed of several pieces, each 
one of which extends between two consecutive joints, — as Aj^jkj 
Mj mn^ etc. These are bolted to the main rafters. The pieces 
jhy JcG^ ID^ Dm^ etc., are braces of tlie secondary truss. 

The tie AB is common both to the main and secondary 
trusses. It is composed of flat bars (or links) of iron, of uniform 
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thickness and of different depths, depending upon the amount 
of stress to which they are subjected. They are enlarged at the 
end, and have an eye for receiving a pin, as 

shown in Fig. 113a. Four of these are c ^"7^ 

placed side by side, and arranged as shown ( ^ ^ ■' 

in the plan in Fig. 112. Cast-iron blocks j^i^^ n^^ 

rest against the pins for receiving the end 
of the braces of the secondary trusses. At each end of 
the trusses at A and ^ is a large cast-iron block, which 
weighs 680 lbs. These are for receiving the pressure of 
the main and secondary rafters. The bars of the main tie 
pass through two slots in these pieces, and are secured on the 
outside of the blocks by a large pin 3^ inches in diameter. 

The vertical members ajy hJcy etc., are iron ties, the lower ends 
of which pass through holes in a cast-iron block, Fig. 114a, and 
secured by nuts on the under side. This block is placed below 
the large tie. The upper ends are secured in a similai* way. 
In some cases there are two and in other cases 
three ties, which are represented in Fig. 112 by 
a single line, the number and position of which 
will be given hereafter. As a general thing, one 
or two rods, as the case might be, was used for supporting the 
load which was placed at a joint, and the other rod at that joint 
was used for supporting the transmitted pressures, although 
this was not always the case. The conditions will be fully 
shown in the following analysis. 

163. 'I'HB LOAD OIV THSS FLAT PART OF THE2 ROOF 

It is not supposed that all the data which are given below are 
applicable to all cases, or even that there are no questions in 
regard to tJieir correctness. They are presented as they were 
used at the time, and are open for discussion. It was 
intended, however, to be on the safe side in all cases, and it is 
advisable, in a case like this, where the ceiling is secured 
directly to the roof, and the roof acted upon by a large dome 
under the varying pressures of the wind, to be largely on the 
safe side, so as to avoid as far as possible breaks and cracks in 
the ceiling. 
I supposed that the several loads wero reduced to an 



o o o 



Fig. 114a. 



198 tbbahsb oh boofb. 

eqoivalent load of pine nnif ormlj distributed over the whole 
roof. 

Inches thick I 
of idne. 

Felt and mastic roof = 1 .60* 

Eoof boards = 1 . 00 

Eoof joists (2'' X 12'', - W apart) = 1.50 

Lath joists (2'' x 6'', - 16'' apart) = 0.75 

Panel-work in the ceiling = . 75 

Side truss, tie-rods, etc = 2.00 

Plaster, including panels, cornices, etc = 3.00 

Weight of snow and pressure of the wind = 6 .00 

Total 16.50 

The weight of four specimens of pine, taken at random, were, 

1st specimen 32 lbs. per cubic foot. 

2d specimen 40 lbs. per cubic foot. 

. 3d specimen 30 lbs. per cubic foot. 

4th specimen 45 lbs. per cubic foot 

Total 147 lbs. 

Average 37 lbs. per cubic foot. 

Two of the specimens appeared to be quite thoroughly 
seasoned, and the other two only partially so. I assumed 37 lbs. 
as the weight per cubic foot of the material, which must have 
been on the safe side. This gives, according to the preceding 
data (16^ x 37 -r- 12 =), 54 lbs. (nearly) for the load upon a 
square foot of the roof. 

Francis, in his book on " Iron Columns," p. 19, says that 
flat roofs loaded with snow are liable to weigh 50 lbs. per 
square foot ; and Trautwine, in his " Engineer's Pocket-Book," 
p. 301, says, that when the roof is plastered below, the weight 
may be 46 lbs. per square foot, including the weight of the 
snow and pressure of the wind. As these authors could not have 
had in mind such heavy panel- work in the ceiling as exists in 

* This was the estimate of the roofer, bat I now think it should haye been 
2i to 3 inches. Within two years after the erection of the building, the mastio 
waa removed, and the roof was covered with tin. 
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fliis caBe, and as I wished to keep decidedly on the safe side, 
I adhered to the above result of 54 lbs. 

This gives for the weight of the roof, including snow, etc., 
and excluding the weight of the dome, and the space occupied 
by the dome, 500,000 lbs., and for the weight when the 
timber is thoroughly seasoned (called 28 lbs. per cubic foot) and 
exclusive of the weight of the snow, 193,000 lbs. 

The weight of snow and the pressure of wind are deserving 
of special notice. 

164. — THB WEIGHT OF SNOTT. — Frcshly fallen snow 
weighs from five to twelve lbs. per cubic foot, although 
snow which is saturated with water weighs much more. Very 
wet snow rarely falls to a very great depth, especially in the 
southern part of Michigan. Some say that snow is equivalent 
to from tV *^ i of its depth in water, while others say that it 
may be equivalent to i its depth of water. 

European engineers consider that six lbs. per square foot 
ifi sufficient for snow, and eight lbs. for the pressure of the 
wind, making fourteen lbs. for both. Trautwine says 
that not less than twenty lbs. should be allowed in the 
United States. 

As the roof in the case which we are considering is flat, a 
large quantity of snow may rest upon it, but the pressure of 
the wind upon it will probably be small. 

Snow in the vicinity of Ann Arbor is rarely three feet deep 
on the ground, but because it is sometimes that depth, or of an 
equivalent depth of heavy snow, the load due to its weight 
must be provided for. Calling the snow equivalent to 3^ 
inches deep of water, and we find that it equals 6 inches nearly 
of partly seasoned pine — which is 18^ lbs. per square foot 
— ^a value somewhat under that assumed by Mr. Trautwine, 
but which I consider quite large enough in this case. Before 
BO much snow can fall upon the roof, all the timbers in it will 
be lighter from seasoning than that assumed above, so that the 
entire roof will be lighter than that which we have assumed. 

165. — ^TSB FORCB OF TBB UTIND. — The prcssurc of the 
wind upon the dome is of special importance in considering its 
stability and in proportioning the trusses. According to Mr. 
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Smeaton, the pressure of the wind directly against a flat surface 
in a hurricane may be 32 lbs. per square foot Tredgold 
recommends the use of 40 lbs. per square foot. A gauge in 
Girard CJoUege broke under a strain of 42 lbs. per square footj 
whilst a tornado was passing near by. During the severest 
gale on record at Liverpool, England, there was a pressure 
of 42 lbs. per square foot directly upon a flat surface. 
During a very violent gale in Scotland, a wind-gauge once indi- 
cated 45 lbs. per square foot. Buildings which are more or 
less protected will not be subjected to such pressures. 

Although there are high winds at Ann Arbor, yet no such 
gales as those mentioned above have ever been known there ; 
at least 1 judge so from the fact that comparatively little 
damage has been done by high winds. But if such winds do 
occur it will be safe to assume less than 40 lbs. per square foot 
on account of the oval shape of the dome ; — ^and also because 
materials will sustain a high strain for a short time without 
apparent damage. If, therefore, we should proportion the 
parts for 25 lbs. pressure, they would doubtless sustain 50 lbs* 
without damaging them ; and to avoid much deflection in the 
trusses in case of a strong wind it is not advisable to use a 
smaller value. I therefore used 25 lbs. per square foot upon 
a meridian section of the dome. 

The cylindrical part of the base of the dome is about 34 feet 
in diameter, and the total height above the angle of the truss is 
about 55 feet. To get the force of the wind I called the 
average diameter 22 feet, and 60 feet high. This gives a pres- 
sure of 33,000 lbs. 

The centre of pressure is about 30 or 32 feet above the fast- 
enings of the lower ends of the posts of the dome, and hence 
the pressure on the feet of the posts due to the pressure of the 
wind will nearly equal the pressure of the wind upon the sur- 
face of the dome. The wind may blow from any direction. 
When it is directly in the north or south it will tend to throw 
the dome directly upon one or the other of the large trusses, 
and I assumed that each of the two posts which rest on the 
truss would carry 15,000 lbs. due to the pressure of the wind ; 
and when the wind is in the east or west it may cause the same 
pressure on the posts on the opposite side. 
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But to be completely on the safe side in proportioning the 
main trusses, I assumed that, when the wind is in the north- 
west, or south-west, the whole of the 30,000 lbs. would be thrown 
directly upon the angle of the large truss. This being done, it 
is unnecessary to consider the transmitted strain of 15,000 lbs. 
which is thrown upon the other points when the wind is in other 
directions, as will be noticed in the analysis. 

166.— WBiGBLT OF THE dohib. — ^As it was difficult to 
determine the exact weight of the dome from the drawings, I 
made a rough estimate of it by assuming that it was equiva- 
lent to a hollow cylinder whose mean diameter was 24 feet, 
height 80 feet, and whose thickness was six inches of solid pine. 
This gave a weight of 112,000 lbs. The architect computed 
from a bill of materials that it would weigh 96,000 lbs., but I 
do not know what he used for the weight of pine. A review 
since its erection gave 107,000 lbs., at 37 lbs. per cubic foot. 

There were eight supports, as before described, each of which 
I assumed would susta-in one-eighth of the load, or 14,000 lbs. 
each. In reality these posts did not sustain this amount, for .a 
large portion of the dome rested directly upon the large trusses, 
but the computation would be essentially the same, excepting 
that in the latter case it would make the strain upon some of 
the vertical tie-rods less than that found by the following com- 
putation. 

167. — WEIGHT OP THE MAIN TRUSSES. — Fromthc bill of 
materials I found that the large trusses would weigh 17,800 lbs. 
each ; and hence at each of the joints a, J, c, etc.. Fig. 112, the 
weight will be 1,780 lbs., assuming that the load is uniformly 
distributed and that each joint carries one-tenth of it. 

168. — iTEiGHT OF CROSS TRUSS. — There was a truss be- 
tween the two large trusses at J), to keep them erect, the weight 
of which is 3,600 lbs., or 1,800 lbs. on each truss. 

169. — REsuiiTs €OLi.E€TEi>. — ^At «, Fig. 112, the load is 
one-eighth of the weight of the dome, or 14,000 lbs. ; the pres- 
sure due to the wind, or 15,000 lbs.; j?^ one-tenth of the 
weight of the truss, or 1,800 lbs. 
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At h the load is one-half the weight on the side truss due to 
the weight of the roof, or 11,780 lbs. ; j>his that due to the 
weight of the snow, or 6,150 lbs. ; plica one-tenth of the weight of 
the large truss, or. 1,800 lbs. ; which together equals 19,730 lbs. 

At I) the load is one-half the load on one side truss, j>ltcs 
one-half that on the cross truss C (which supports one-half the 
load between C d and O ;f\ or 12,690 lbs. ; plus the load due to 
snow, or 7,880 lbs. ; plus one-tenth of the weight of the truss, 
or 1,800 lbs. ; pVas one-eighth of the weight of the dome, or 
14,000 lbs. ; plus the pressure due to the wind, or 30,000 lbs. ; 
plus one-half the weight of the cross truss, or 1,800 lbs. 

Similarly, we find the loads on e^f^ g^ etc. These results are 
brought together in the following tabular fonn : — 

Weights in lbs. due to the seoeral loads on the several joints. 



Weight. 


a 


b 


e 


D 

12,690 
7,880 
1,800 

14,000 

80,000 
1,800 


6 


/ 


9 


A 


i 


Support A 


Snow 


1,800 
14,000 

16,000 


11,780 
6,160 
1,800 


1,800 
14,000 

16,000 


1,800 


18,276 
9,626 
1,800 


1,800 


18,276 
9,626 
1,800 


1,800 


27,000 
14,000 


Tmas 


9,000 


Dome 


44,000 


Freasnre due ) 
^ to wind ) 

Weight off 
GTOSB tmas ) 


80,000 
2,000 


Totals 


80,800 


19,790 


80,800 


68,170 


1,800 


29,700 


1,800 


29,700 
900 




126,000 


















80,600 







The load at i being small, the brace hq was omitted, and in 
the analysis the load at h was called 29,700 -I- 900 = 30,600 lbs. 

The load on the support at A was used for determining the 
dimensions of the column which supported one end of the 
main tiniss. 

170. — ANAI-YSI9. — We have the following dimensions: — 
AB = 80 feet ; 
CD = 16 feet; 

\Bi = 7 feet 10 inches = ih = hg = gf=fe = eJ); 
aA = 8 feet ; 

ab = S feet 6 inches = bo = cJ) ; 
AD = 33 feet, and 
D£ = 47 feet. 
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By means of these quantities we can find the lengths of the 
verticals and of the inclined braces, and the angles which they 
make with each other. In regard to the latter a practical diffi- 
culty presents itself. For the timbers having finite dimensions 
it is found practically impossible to put them in place and give 
them the proper bearing, and at the same time secure the same 
inclination that we would have if the parts were reduced to 
mathematical lines. 

In this case, if the centre lines of the main rafters A C and 
J3G are prolonged, they will meet the line of the main tie 
several feet outside of the points of support, and the question 
arises whether we shall use the angles as they exist in the struc- 
ture, or rely upon the dimensions above given. Neither will 
be exactly correct, but it will be nearer correct to use the for- 
mer tlian the latter. I have therefore determined the several 
angles of inclination with the vertical from a scale drawing, and 
used the secants and tangents to the nearest tenth. 

If the load at a is 30,800 lbs., see Article 169, we may 
assume that it is supported by the secondary truss Ajb^ and 
hence, according to Article 46, we have 

stress on aj = 30,800 U)s. ; 

stress on Aj = J of 30,800 Jhs, x sec ajA ; 

stress onhj •=. \ of 30,800 lbs. x sec ajh ; 

stress on Ah = ^ of 30,800 Ihs. x tarig ajh. 

The vertical pressure at Ms ^ of 30,800 lbs., plus the load 
placed at J, or 19,730 lbs. ; hence the total vertical pressure at 
h is 35,130 lbs. We may assume that this is (tarried by the 
secondary king-post truss Akc ; and hence we have 

stress on hh = 35,130 Ihs, ; 
stress on Ah = ■J' of 35,130 TJbs. x sec AM / 
stress on ck = f of 35,130 Jhs. x sec like ; 
stress on Ac = J of 35,130 U>s. x tan^ likA ; or 
stress on Ac = f of 35,130 Xbs, x tcmg like. 

Similarly, the vertical pressure at o is f of 35,130 lbs. plas 
the load, 30,800 lbs. at c ; hence, the total load is 54,220 lbs. 
This is supported by the secondary truss AID. Hence, we 
have 
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stress ond = 54,220 lbs. ; 

stress onAl .== J of 54,220 lbs. x sec dA ; 

stress onDl = | of 54,220 lbs. x sec dD ; 

stress on AD = f of 54,220 lbs. x tang dD. 
Hence the reaction at D of the truss AID is i of 54,220 lbs. 
:= 40,665 lbs. This may be proved by finding the reaction 
directly, thus : — 

Stress at D = ^ oi the load at a + f that at J -h 

i that at ; or 
= i of 30,800 lbs. + f of 19,730 lbs. 

+ f of 30,800 lbs. ; . 
= 40,665 lbs., as before. 

Proceed in a similar way with the secondary trussing be- 
tween D and JS, and we finally find that the point D sustains 
34,400 lbs. of the load on DB. 

The total vertical stress at D is that which is transmitted to 
D through ID from the left (40,665 lbs.) ; plus that transmitted 
to D through mD from the right (32,400) ; plios the load which 
is directly applied at D (68,170) ; or 141,235 lbs. But we may 
deduct from this all that part of the 15,000 lbs. which is 
applied at a and c, due to the pressure of the wind ; for these 
pressures cannot exist at the same time that the 30,000 lbs. 
does, which is supposed to be applied at D. Hence we may 
deduct i of 15,000 lbs. + | of 15,000 lbs., or 15,000 lbs. This 
leaves for the effective vertical pressure at i?, 126,235 lbs. 
This is supported by the main truss ACB. Hence, we have 
(omitting all below 100 lbs.), 

stress onDG = 126,200 lbs.; 

stress onAO = ^oi 126 200 Ws. x sec DC A ; 

stress onBO = ^oi 126,200 lbs. x secDCB ; 

stress on AB = |i of 126,200 lbs. x tang DOB. 

Where two or more stresses are common to a single piece, 
the* resultant stress is the sum of all the partial stresses. Thus 
the total stress on Ab, for instance, is the stress on (d> of the 
truss Ajb ; plus the stress on Ac of the truss Ahc / plus the 
stress on ^ -Z? due to the truss A CB. 

Similarly, the total stress on Aj equals the stress on Aj of the 
truss Ajb ; plus the stress on Ak of the truss Alec + etc. 
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As a check upon the work, we have the total stress on Aj 
equal to the total reaction on the support A multiplied by the 
secant of ACD ; which should equal the sum of all the 
partial stresses. 

(Note. — This check would be exact for a skeleton or Une truss, but we do 
not expect it to be exactly true in this case, where the angles are not deter* 
mined from the dimensions of the truss. ) 

In ordinary cases it would probably be thought advisable to 
use 600 or 800 lbs. per square inch for the safe resistance to 
crushing of pine ; but as the maximum load which we have 
assumed — that due to green lumber, green mortar, a deep snow, 
and a hurricane, all applied at the same time — will probably 
never exist, we may safely assume 1,000 lbs. ; for it probably 
might be strained to double this amount for a short time with- 
out endangering its strength. This is the value which we 
have used. The iron will safely resist 12,000 lbs. per square 
inch. It was all tested to 15,000 lbs. Using these values, and 
we have the following numerical results. All strains less than 
100 lbs. are omitted in the final result. The number and size 
of the pieces which were used to resist the strain are also given. 

VERTICAL TIE RODS. 



Name of the Piece. 
Pieces. 

oj 

hk 

d 

BC 

em 

fn 

90 

hp 



TotAl TxiAd 


Suspended 


Transmitted 


No. of Iron 


Diameter of 




Load. 


Stress. 


rods. 


each rod. 


Lbe. 


Lbs. 


Lbs. 




Inches. 


30,800 


30,800 


• • 




li 


35,100 


j 19,700 


15,400 




H 
H 


54,200 


j 30,800 


23,400 




1* 
li 


126,265 


j 68,200 


58,000 


2 
2 


H 
14 


38,900 


( 1,800 


37,100 [ 


2 


1* 


46,300 


( 29,700 


16*600 


2 
1 


H 
l« 


22,200 


j 1,800 


20,400 [ 


1 


1* 


30,600 


30,600 


• • 


2 


!♦ 
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THE HOBIZONTAL TIE. 
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11 of 126.300 
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i J of 64,200 
[ »of 35,100 
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( iof 80,800 
i plTU the BtcesB 
(on be 

1 H of 120,300 
\ Sof 1,800 
( *of 46,300 

1 (of 23,320 

i piua the itress 

(oa^ 

( }of 20,000 


X 2.4 
X 2.6 
X3.41 
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Many of the wooden pieces were such as the carpenter had in 
"stock," and are larger than is necessary, as is shown by a 
comparison of the strains and size of the pieces. It was 
assumed, however, that the pieces would not bend. The dimen- 
sions of the iron pieces in the large tie were changed very 
slightly from those given by the analysis. 

Checks upon the computation, — The reaction at A^ omitting 

the 15,000 lbs. at each of the points a and c, which is due to the 

force of the wind, will be 

15,800 X 71| + 19,730 x 63^ + 15,800 x 55| + 68,170 x 47 + 

80 

1,800 X 39 j- + 29,700 x 31^ + 1,800 x 23^ + 30,600 x 15^ 

80 
= 99,800 lbs. 

The 30,000 lbs. omitted above was included in the preceding 
analysis, in such a way as to be equivalent to f of 15,000 lbs. sup- 
ported at J., plus i of 15,000 lbs. supported at the same point, 
or 15,000 lbs. in all. Adding this to the preceding value, and 
we have 114,800 lbs. This multiplied by the secant of the 
inclination, 2.6, gives 298,480 lbs. for the total stress on Aj. 
By the preceding analysis we have the total stress on 

Aj = 105,700 + 192,700 = 298,400 lbs., 

which is the same as the preceding to within 100 lbs., which 
difference results from dropping small quantities, and which 
is of no importance in comparison with the total stress. 
Similarly, the stress on Ah will be 

114,800 X 2.4 = 275,520. 

But from the preceding analysis we find that the stress is 
269,100. This shows a difference of 6,400 lbs., which would 
make a difference of only one-half of a square inch of iron in 
the tie. But the latter result is doubtless nearer correct than 
the former, for it is dependent upon the inclination of the small 
braces (as well as the main rafter), and the former were mea- 
sured as they exist. 

171. — cAiriBRE OF THE i^ARGB TRUSSES. — From the 
time that the trusses are erected, to the time of the completion of 
the roof and dome, they will continue to settle. The causes of 
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the settUng . are the increase of load and the elasticity of the 
material. The point of greatest deflection will evidently be at 
the joint -D, directly under the angle (7. After they are erect- 
ed they wiU change their deflection from time to time, as the 
load due to the pressure of the wind and weight of snow 
changes. It is desirable to make such a cambre in the lower 
chord as that it shall never fall below a horizontal. We will 
therefore assume that the change of deflection from what it was 
when first erected, is that due to the total load, as given in 
Article 169. 

The deflection will be the result of three causes, each of 
which may be considered independently. 

1st, That due to the direct elongation of DCy which is caused 
by the stress on the vertical ties at 7>(7, while DB and CB are 
supposed to remain constant. 

2d, That due to the compression of CB^ whilst CD and DB 
remain constant. 

8d, That due to the elongation of DB, whilst DCwACB 
remain constant. 

The triangle -4i?C7 may be considered, instead of CBD^or 
the computations on one may be used as a check on the other, 
but as the dimensions of the two do not differ largely, the 
results will not differ much. 

1st, Tlie elongation of DC i& caused by the application 
of 68,000 lbs. at i?, plus a transmitted stress of 58,000 
pounds, or a total of 126,000 lbs. The length of each of 
the four tie rods is 16 feet, and their diameter is 1^ inch, and 
hence the cross section of each is 2.76 square inches. The ifor- 
mula for the elongation is 

Calling E = 28,000,000 lbs. and the formula becomes 

126,000 X 12 X 16 n A^TQ ^ -1. 

X = = 0.078 of an mch. 

28,000,000 X 11.04 ^- '°" nu mou. 

2d, TTie deflection due to the com^ession of BCmKj be 
supposed, without sensible error, to follow the same law as the 
differentials of the quantities. Hence, by differentiating tbie 
expression 
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CJB^ = CD' + Biy, (a) 

conBidering. BD as constant, we have 

CBd(CB)= CDd {CD) (J) 

The length of CB = "^BD + CD = 50 feet, nearly. 
^ //^p\ ^ ^ 182,000 X 12 X 50 . „_„ . . , 

^ (^^) = 2:r = i;5ooroooi^-i4iiX6= ^-^^^ ^* *" "^^ 

Hence, fix>m Eq. (J), we have 
,,^„, CB.d{CB) 12 X 60 X 0.325 . ^-- . , 

3d, The deflection due to the elongation of DB is found in a 
siniilar way, by differentiating Eq. (a), considering CB as con- 
stant 

.-. CD.d {CD) = - BDd {BD) [p) 

The differential of BD is 

d{BD) = X=^^ 185,900x12x 47 



EIC 28,000,000 X 4 X H X 4 "" 
0.208 of an inch. 

Although the tie-rod is not of uniform size throughout its 
length, yet if its section is proportional to the stress to which 
it is subjected at its several parts, the elongation due to the 
several stresses will be the same as if we consider it uniform, 
and under the action of that stress which corresponds to that 
section. The negative value shows that CD is shortened by 
depressing C whilst DB is elongated^ but as Z> is depressed tlie 
same amount that C is, the result is essentially positive for our 
use. Eq. (c) gives 

,.^^, 12x47x0.208 r.^^. . . . 

d (CD) = :r^ :r7i = 0.611 01 au mch. 

^ ^ 12 X 16 

Hence the total deflection due to all these causes is 

0.078 + 1.015 + 0.611 = 1.704 inches. 

This computation makes no allowance for imperfection in 
the joints. In the construction, the lower tie-rod had a deflec- 
tion downward of several inches, as can be seen from the fron- 
tispiece. (This can be tested on the figure by a straight-edge. 
But the false work which was made below this for supporting 
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the plaster cornice was cambered upward abobt, three inchegk 
As the roof was constructed before this part of 4he work was 
completed, it was probably enough to sexjure. a permanent 
cambre after the dome was constructed, and all the joints had 
come fully to bearing. 

The change of cambre due to a severe wind of 25 lbs. per 
square foot cannot exceed that due to a load of 30,000 lbs. 

placed at D^ and hence, cannot exceed -i 9/! r.t.r. ^^ 1.704 = 

0.405 of an inch ; but usually it will not equal one-fourth of 
this amount. If the wind should blow directly from the west 
or east with a force of 25 lbs. per square foot, it will not 
exceed one-half the ^.bove amount, or 0.202 of an inch in each 
case ; or about 0.4 of an inch in both cases ; that is, in one case 
it will be below the normal position, and in the other above it. 
The change of (;ambre will affect the perpendicularity of the 
dome ; and as the height of the dome is almost exactly twice 
the width of the space between the large trussesj the top of the 
dome will move twice the amount of the change of the cambre. 
The upper end should therefore be west of a- vertical through 
the centre. When the wind is directly in the west, we have 
supposed that the pressure at the angle of the trusses due to 
this cause cannot exceed 15,000 lbs. on each, and hence the 
deflection in this case due to all the causes will be less than 
1.704 inches ; and the top of the dome will be moved to the 
east, somewhat less than (2 x 1.704 = ) 3.408 inches. The 
investigation shows that the top of the dome should be madie 
about 2J inches west of the centre of the base of the dome. 

173. — IF THE BATS IN THEB CHORDS ARB B(|VAI<, ftg. 

shown in Figs. 114 and 115, the strains upon the several parta 
may be expressed by simple formulas. In. Fig. 114 the vertical 
members of the secondary trussing are ties, and the inclined, 
pieces are braces ; but in Fig. 115 the reverse is true, that is^ 
the vertical members are struts and the inclined ones are ties. 
If the truss is composed entirely of iron, the form shown in 
Fig. 115 is preferable, because long pieces which are subjected 
to compression require proportionably more material than when 
subjected to tension (see Articles 21 and 22) j and the inclined 
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pieces in Fig. 114 are longer than the vertical ones in Fig. 115. 
But if the struts are made of wood and the ties of iron, the 
form shown in Fig. 114 will be more economical than that 
shown in Fig. 115. 




Fig. 114. 

ANAiiTSis OF FIG. 114. — A slight inspection of the problem 

shows : — 

1st, That the strains upon the lower tie will be the same 
whether the load be upon the joints of the long tie, or upon the 
joints of the i-after, or upon both. 

2d, The strains upon the braces of the secondary trussing, or 
upon the segments of the long rafters, will be the same whether 
the load be at the upper or lower joints. 

3d, The strains upon the ties will be less when the load is 
upon the rafters than when it is upon the lower tie ; for when 
upon the lower tie, the strains due to the weights are trans- 
mitted directly through the ties to the upper joints ; but if the 
weights are at the upper joints they are supported directly by 
two unequally inclined rafters. 

At first neglect the force of the wind, and suppose that 
equal weights are placed at each of the joints (or nodes) in the 
rafter and long tie. 

Let N = the number of bays in the long tie AB ; 
f ' i> = the load at each of the joints of the tie ; 

J?' = the load at each of the joints of the rafters ; 
n = the number of the bay considered j 
V = the reaction at A ; 
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On = the compreBsion on the n-th division of the rafter ; 

and 
tn = the tension upon the n-th bay of the tie. 

Stress on the main rafters. — Take any point, as 2>, in the tie 
as the origin of moments ; and from this point let fall a perpen- 
dicular on to the rafter AC. Suppose that a point x (not 
shown in the Fig.) is the foot of this perpendicular. If ^'(7 be 
severed, the system will turn about -D, and the moment of 
stress on^Cwill be c^ x J)x. 

We also have 

■ r=i(J!f-l)(p + p'); 

V X AD = the moment of Fin reference to J?; 
{n — 1) (jp + i>0 = the load between A and J9 ; 
^fUz= lever arm of the preceding load ; 

in{n — l)l{p + i?0 =' the moment of the load. 

, i 

.*. «„ X Ih}= Vnl — (w. — 1) (j) +j>')inl 

But the imaginary triangle ADx is similar to ADOy and 
hence 

nl _ AC 
J)x ■" CD 

.•.o, = i[iyr-n](i>+i>')~ (187) 

AC 
In any practical case -r^= ( j> + i>0 will be constant. Call it 

q. Then 

^« = i [^ - ^] ? = 4 ^? - i ^ (188) 

This is a maximum for t^ = 1, and decreases as n increases, 
hence the greatest stress on the main rafters is near the ends 
and least at the apex. 

Stress on the long tie^ AB. Call oD the w^-th bay, and take 
j as the origin of moments, and we have ♦ 

r X -4<? = F X (n — 1) Z = the moment of F; 
(n — 1) (j? -f p') = the load from A to and including jc\ 
i (« — 2) Z = the lever arm of the preceding load ; 
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i(n — 1) (n — 2) Q> +j>') Z = the moment of the preceding 
^load; and 

t^ X ji = the moment of the tension. 



B-<^^ = ^ 



.-. «. = iTiv-- « + 1 j^(p +j>') 



(189) 



As before, let -^jy (^ + J>0 = ^ 

.-. ^n = i[iV^— /^ + l]r (190) 

In this equation n must not be less than 2, for when ti = 2 

we find the stress on ab which is the same as that on -4a. The 

stress decreases as n increases. 

Stress on the VertioaZ Ties. — The stress on the tie marked 1 is 

evidently p. The tie marked 3 virtually sustains one end of 

the king-post truss Ahb and the weight at J, and hence the 

stress on it is 1^ (^ + y) + 1> = iP + iP^' I^ *^® ^^^^ ^^Y 
we find that the stress on the tie marked 5 (which is really the 
third tie) is two-thirds of the stress on Z^phis two-thirds of the 
weight at i, plvs the weight at c ; or equal to 2 ^ + p\ Simi- 
larly, we find that the stress on the n-th vertical tie is 

i(7i + l)j? + i(7i- l)y = 

\n{p+j>') +i(i>-y)... (191) 

from which it appears that the stress inci-eases as n increases. 

Stress v/pon the Braces. — The stress on the first brace 
'(marked 2) is J (jp 4- p') sec 0^ in which 6 is the inclination from 
the vertical. On the second it is [f {p + p') + % {p + jp')3 
see = (p + p') sec 6. On the third it is one-fourth of the 
load at a and h^plus two-fourths of the load at h and i, phis 
three-fourths of the load at c and j multiplied by «^ ^ ; or | 
(p •{• p') sec 0. And generally, the stress on the 7^-th brace is 

/; -= i w (jp 4- y) «^ ^ (192) 

in which B is the inclination of a brace from the vei-tical. It 
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will be seen that the stress upon the braces increases directly 
afi their distance froiii the support. 

SEcoNi> soiiUTioN. — ^Couceive that a vertical section is made 
through the truss just at the right of J, and it will intersect the 
Tirth division of the rafter, and of the tie and w-th brace (although 
the number of the n-th brace is one less than the number of the 
tie ; thus, if the number of bay is 4, the number of the brace 
directly over it is number 3). It is then evident that the sum 
of the horizontal components of the strains in Dj and /C^ will 
equal the tension on the main tie. 

Hence, tn = c„ cos CAD + Fsi/n q;D. 

Also, the vertical shearing stress in the section equals the sum 
of all the stresses between A and^ / or 

F- (71 -. 1) Q> +y) = Cn dn CAD - Fcoa cjD. 

Also the moment of the tension taken about ^ as an origin, 
equals the sum of the moments of the applied forces ; or 

tn, X jc = F.-4(J — (i> + p^) ao — {j> •\' j^')Ig — {p ■\- jp*)0 

. • . ^« = 4 r iv^ - ^ + 1 ] -;^ (i> + y ) 

as before found. 

AD 

We also have cos CAD = -j-^ 

sin CAD = -j-;y 
COS cjD = 4^ 

.r^ cD 

smofD^^j^ 

J' = AD'^' 

These Talnes substituted in the preceding equations gire, 
after eliminating F, 



««• 



= hUN--n)r^^{p+jp') 
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Ab before given in Equation (187). 

By eliminating c^ from the preceding eqaations, the value of 
F may be found. 

ANAi«Tsi8 OF FIG. 115. — In this caso, as has been before 
stated, the verticals are struts and the diagonals are ties. 

Tension on the tie AB. — Suppose that ho (the Wrth bay) is 




a 



c D 

Fig. 116. 



severed. The truss will then fail by turning about the joint j\ 
Take^* as the origin of moments, and we have 

F. nZ — i ?i (^ + J?') (71 — 1) Z = t^jc. 
. • . ^« = 4 [(iT - 1) - (n - 1) J ^ (^ + J,') 

Similarly, the stress on the n-th hay of the rafter wiU he 

The stress v/pon the n-th vertical strut vnH he^ 

i(n + l)p' + i(^ - l)p 
The stress v^on /i-th tie will he 

i n (i>+i?0 *^^ 
in which is the inclination of a tie from the vertical. 
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BFFBCT OF THE UTIND IN TBtB PRECEDING CASE. — ^We 

muBt assume the direction of action of the wind when it 
strikes the roof. If the pressure is yertical we may include its 
pressure in J?' in the preceding equations. If it be horizontal 
it will act only on one side, and tend to move the truss horizon- 
tally on its supports, and similarly for any other angle of action 
except a vertical one. 

Let = the angle which the direction of the wind makes 
with the horizontal ; 
i = the angle of the roof with the horizontal ; and 
w = the pressure of the wind on each joint. 

Then 

d — i = the angle of the direction of the wind with the 

roof; and 

w sin (^ — i) = the pressure perpendicular to the roof ; 

w 008 {0 — i) = the pressure parallel to the slope of the 

roof. 

The latter value will give a pressure downward along the 
rafter when — iia less than 90®, and the reverse when — i 
exceeds 90°. 

The perpendicular pressure may again be resolved into a ver- 
tical pressure (and may be represented by j>'), and a longitudinal 
pressure which will produce compression or tension, the same 
in kind as that above stated. 

The vertical pressure will be 

w sm {0 — i) -^ 009 i ^j>' 
and the corresponding longitudinal component will be 

w sm (0 ^ i) X tang i 
and hence the total longitudinal pressure will be 



[//I % 9m{0 — if\ 
009 (0 — i) ^^ — ; — - I 



The vertical pressures must be treated as in the preceding 
cases, excepting that in determining the value of Fwe must 
observe that the pressure will generally be upon one side. It 
is not deemed necessary to give a complete analysis of this case, 
for all the principles which are necessary for its solution have 
been given in the preceding pages. 
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EZAXPLB. Suppose that the span is 80 feet; depth 16 feet; the load oa 
the lower ohozd 84,000 lbs. unif onnlj distributed, and on the zafter 48,000 lbs. 
Beqnized the stress upon the several parts of a truss like Fig. 114, when there 
ore eight bajs in the long tie. 

We htkYepf =z2p=z 6,000 lbs. 

p = 3,000 lbs. 
2f=S 
AO = 43.08 feet 
.-. Aa=z ab = bo, eto. = 10 feet 

4iA = 4 feet 

ib= S feet. 

jc = 12 feet. 

CD = 16 feet 

U= V 10" + 4« = 10.73. 
kj= V 10» + 8« = 12.80. 

jD=i V 10* + IS* = 15.63. 
seeahb = 2.68. 
seobi6 = 1.60. 
9ee ejD = 1.30. 
uc ACD = 2.1 



From Eq. (187) we have, by making n = 1, 3, 3, eta 
stress on ilA = i X 7 X 9,000 x 2.60 = 84,735 lbs. 
stress on M = 72,630 lbs. 
stress on if = 60,525 lbs. 
stress on^'C7 = 48,420 lbs. 

From Eq. (189) we hare 

stress on od = 78,750 lbs. = stress on Aa. 
stress on be = 67,500 lbs. 
stress on eD = 56,250 lbs. 

From Eq. (191) we have 

stress on ah = 3,000 lbs. 

stress on W = 7,500 lbs. 

stress onof z= 12,000 lbs. 
stress on CD = 1^,500 lbs. 

which is the stress due to the load from AtoD\ and henoe the total stress 
on CD is doable this amount. 

From Eq. (192) we have 

stresson hb = i x 9,000 x 2,68 = 12,060 lbs. 
stress on M = 14,400 lbs. 
stress onjD = 17,550 lbs. 

178. — ABTOTHBH FORn OF HOOF TKVflSINO Ib shcWIl 111 

Fig. 117, in which the main rafter -4(7 is trussed by several 
secondary trusses. 
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Fig. 117. 

ABCh the FRiMABY TRUSS, in which AOdxA CB are the 
main rafters, and AB is the long tie rod. The rafter -4 6^ is 

supported at e by the inverted king-post truss AbC^ which forms 

the first SBCONDART TRUSS, and in which eh is the strut and 

extends from the middle of A C and perpendicular to it, to 

where it intersects AB\ and Ab and hC are the tie rods. 

Although Ab appears to be the same or a part of AB^ yet in 

practice they are composed of separate rods. 

The main rafter is still further trussed by the second set of 
fjecondary (or tertiary) trusses, -4.«^ and ecC^ in each of which 
the strutsya and db are perpendicular to the main, rafter and 
extend to the tie rods Ab and hC. In this construction it will 
be observed that cg is parallel to Ah^ and ae parallel to hC 

In this truss it is supposed that all the load is on the main 
rafters, so that if the load is uniformly distributed over the 
rafters, we have 

W = the total load on the roof ; 

N = the number of bays in both rafters ; and 

W 
.•. -^ = J? = the load at each of the joints^ <s, rf, etc. • 

The load which is applied at d will be supported dir&etly 
by the pieces Ad and do, and according to Eqs. (88) and (89), 
Article 46, we will have for the 

Stress oned =^ j> sin A ; and (1^3) 

Btre8&ondo=p8indce; 

AB 



=zj>oosA:=p^ 



C 



(194) 
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The weight,^, at e produces directly the following stresses : — 

Stress onAe = p sm A ; and (1^^) 

Stress oneb =j} em ebA 

= J>cosA=j[> -^ (196) 

But the strut eb also sustains one-half the pressures on dc and 
fa ; and hence the total compression on the strut S is 

ipcosA (197) 

For the loadjp aty^we have 

Stress on /A = p sm A (1^8) 

Stress onfa^^p sm faA 

= j>oosA= p j-^ (199) 

For the load^ at C^ we have 
Stress on AC = \p sec ACD 

But the stress on dc causes consequent stress on each of the 
parts ec, cC and ^6^, as shown from the inverted king-post ; and 
hence we have for the stresses due to p cos A the following 
values: — 

AZf' 

Stress on dCoT ed = ip cos A cot dCc = ip (201) 

A C OJJ 

A Ti 

Stress on Cfc or ^ = \p cosAcosec dec = ^p -pm (202) 

OJJ 

The expressions just found are also applicable to the second- 
ary truss Ade. 

For the secondary truss -^JC' we have in a similar manner 
for the load, or stress, 2p cos Ay which falls upon eby the follo^v- 
ing values: — 

Ajy^ 

Stress on Ae or eO =:p AnriT\ (203) 

AD 
Stress on Al or IC^p ^^ (204) 
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Besides these stresses there is a stress the whole length of the 

rafters the same as if they were not trussed, which is due to the 

thrust at their upper ends. The amount of this compression is 

given by Eq. (53) and hence is (observing that IT there equals f 

IT here) 

i W tang si/nOy or 

= i'^M-^=i''^:o « 

This uniform load, as was shown in Article 20, causes a 
greater compression at the lower end of the several sub-rafters 
than at their upper end. Thus, the compression at the lower end 
of dC would be greater than at its upper end ; but if the load 
be placed at the joints, as we are here donsidering, the compres- 
sions will be uniform from (7 to (i, at which point it will receive 
an additional stress due to the load at d. It will then be uni- 
form from d to «, where it will receive an additional stress due 
to the load at e, and so on. Although this view of the case is 
not strictly correct, yet in practical cases, where the parts Af^fe^ 
etc., of the rafter are short, it is sufficiently exact. 

In determining the total compression upon the rafter, we shall 

AG 
have somewhat too great a value if we add \p -pr^ Eq. (200) to 

all the other strains found above, and somewhat too small a value 
if we omit it entirely ; because the load being uniform there is 
no local load at the apex, and the load p placed at that point 
produces a greater strain than if it were uniformly distributed 
over the rafter. I have, however, retained it. 
By collecting results, we have for the 

"the stress on. AC due to the thnist at (7, 
+ the stress on J. C due to the load {p) at G^ 
+ the stress on Ad due to the load at dj 
-f- the stress on Ae due to the load at e^ 
+ the stress on Ae due to the stress on ^ of 

the truss AbG^ 
+ the stress on J/* due to the load at^ 
+ the stress on 4/" due to the strain on^ of 
the truss Aae. 



Stress on Af = 
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The compression on ed^ due to the trass ecC^^A evidently not 
transmitted to A. 

In a similar way we find the stress on any other part of the 
rafter. Hence we have 

Total 8tr«88 on «? = i TT^I^, +i J, ^ + t^ ^^ 

Total stress 

, .^ Alf ^. AC_^. AU^ , ^ CD 
"^ **^ = * ^BOAG^^^^^ i^ Jtam +^^AG 

.. , T^ Aiy ^. AG , . AU^ , „ CD 
<m fA = i W^^-^^kp ^+ li, ^-^^+ Zp-^ 

on/«= ^-^stresson^. 

on <* = 2p -j^ 

on Ah =■ j> -TrfT— stress on hO. 

on Aa = ij?-;^^= stress on a«, «J and cOl 



on AB = i W 



CD 

AD 
DC 



ExAMPLB. Let the span be 60 feet, and ride 15 feet. Also let the main 
TsfterB be supported at three points by seoondary trussing, as in Fig. 117. 
Let the total load on the truss be forty tons. Beqnired the stress on the 
■eyeral parts. 

We have 

TT = 40 tons = 80,000 lbs. ; 
iir=8; 

p = 10,000 lbs. ; 
AD = 30 feet ; 
C7> = 15feet; 
iia= 88.54 feet; 
Ae = 16.77 feet ; 

Af = 8.885 feet =fe = «? = dO; 
fa =4.192 feet; 

toiAD'.DO:: Af:fa.\fa= ^.Af = iAf. 
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Similaxly, eb = 8.385 ; 

Aa = 9.374 = <w = « = Ce\ and 
Ab = 18.748 =fto. 

The stxesB on the long tie rod A^ is 

40,000 X fj = 80,000 Ibi. 
The BtresB on Ab is, according to Eq. (204), 

10,000 X f J = 20,000 lbs. 

The stress on Aa of the truss Aae is 10,000 lbs. = the stress on a«, m^ and 
tC. 

The stress on ^ = 17,889 lbs. 
The stress on Cd = 73,790 lbs. 
The stress on de = 7J3,260 lbs. 
The stress on ef = 82,730 lbs. 
The stress on/4 = 87,201 lbs. 

173. — THB PBBVIOVS CA8B MAT BB KODIFIED aS shown 

in Fig. 118, in which the middle strut ^ does not extend to the 
long tie rod. In this case the strains on the struts fa^ ebj and 
dOy will be the same as in the preceding case, but the strains on 
the tie rods Aby de^ etc., will be greater than in the preceding 




Fig. 118. 

case, because they make a less angle with their base. For in- 
stance, the stress on eb {2j} cos A) will cause a stress of 

jp sec eb Aco8 Ay 

pn the ties -4ft and bO'y and similarly for the others. The 
compression due to the total load on the rafter will be the same 
as in the preceding case ; and the total strains will be found in 
tilie same manner as in the preceding case. 



part 5i- 



GENERAL PROBLEM OF TRUSSED GIRDERS. 



We have thus far passed from the more simple eases of trussed 
girders to the more complex, determining, as we passed along, 
the effect due to each condition by itself. We may, however, 
proceed in the opposite way, and deduce all these results from 
the general equations of Statics. 

1 75. — OBNBRAi* savATioNs. — ^If all the forces which act 
upon a rigid body are resolved in the direction of three co-or- 
dinate axes, we know that the sum of the forces will be zero, 
and the sum of the moments (or statical couples) will also be 
zero when they are in equilibrium among themselves. The 
forces which thus act upon a body are called external forces. 
If now we conceive that the several points which are thus acted 
upon are connected by rigid right lines, the same condition not 
only holds good, but we may find the strains (whether of tension 
or compression) upon these rigid right lines, by conceiving that 
one or all of them are severed, and instead of the tensions wliich 
transmit the stresses, we substitute forces which will produce 
the same effect upon the rigid lines. The forces which we thus 
substitute we call by way of distinction, intemal forces. The 
internal forces may be treated in all respects like external 
forces. 

Suppose that a frame of any kind whatever, as Fig. 119, is so 
made as to connect all the points of application of the external 
forces ; and that a plane section is made so as to cut several of 
the bars. 

Let Py P„ P„ P„ etc., be the external forces ; 
Ff /^, 2^, i^, etc., be the intemal forces. 



Take any convenient point for the origin of rectangular coK>r- 
dinates, and let x and « be horizontal, and y vertical, as in Fig. 
119. 



Let w, x„ x„ etc. 1 be the co-ordinates of the 
y> Vi) Vit 6tc. V point of application of the 
s, s„ 3„ etc. J forces ; 

«, «„ «„ etc., be the angles which the external forces 

mate with the axis of x ; 
fi, p„ j9„ etc., be the angles which they 

make with axis of y ; and 
y, y„ *„ etc., be the angles which they 
make with the axis of s, 
a, a„ a„ etc 1 be the corresponding angles 
J, b„ b„ etc \ made by the mterniS forces 
0, c„ c„ etc. ) with the axes x, y, and s. 
Then for equilibrium, we have 

Peetm+ P,tx>»Oi+ P,eo*o, + etc., + Feota +F,eota, +oto. =0) 
Peo»& + PidotB, + P,ai»at + etc, + Fcoib + F, eoibi + eto. = 9} (») 
Pewj-H-Pia*)-! + P,eoiy,-i- etc., + F Co* e + ^iaMi9i + eta. = 0) 

or, more briefly, 

LP<)o»a + L Feat a = ) 

LPeotfi + ZFeotb^O }■ (») 



£P(s<w» a —xcotr) + LF(tei>*a — leooie) = 0^ (e> 

We thus have six independent equations of the most general 
form, and by means of which we may determine six unknown 
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qnantitiea. If, therefore, in the most general form of tmas. the 
plane flection cuts more than six bars of the tmsfl, the aolutioD 
in r^ard to the strains is indeterminate, unless conditions can 
be established among them which will give other equations. 
For instance, certain bars may receive equal strains, certain 
otherB may be strained half as much, or some ratio may be 
established among them. 

But few practical problems of such a general character ever 
occur, but it is easy to conceive of theoretical ones like the fol- 
lowing. 

Example. — ^A tnus is being raised into position, and is held by regies, 
which are inclined in yaiioos directions, while the tmss is acted upon by its 
own weight, the force of the wind and the ropes. It is required to find the 
condition of equilibrium among the external forces; and the stress upon all 
tlie baa in a plane section. 

1 76.— FORCBS IN A piiANB. — In nearly all engineering struc- 
tures we have only to consider forces in a plane, since the force 
of gravity is the chief force with which we have to contend. 

Suppose that the forces are all in the plane xy. Then all the 
components and moments in regard to z reduce to zero, and 
the preceding Equations become 

S Pcosa + X Fcos a = ) 

S Fcoafi + S Fcos b = \{ d) 

X P (x cos fi — y cos a) + S Fix cosh— y cos a) = ) 

This gives us three independent Equations, and hence the 
problem is determinate when the vertical section cuts only three 
bars. 

T^ese Equations may be developed so as to be especially 
applicable to particular cases. 

1 77, APPIilED FORCK8 AIaIa TKRTICAIi. — Ll this CaSG d 

will^be 90° or 270° ; and /3 = 0° or 180° 

.':sPcosfi = s± p 

If 5 F = the forces which act vertically upward, and 
S ^ = those which act vertically downward, we have 

-zPoosfi^^P-zV 

In most mechanical structures the forces which act vertically 
upward are the resisting forces at the sqpports. 
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• We also have for flria case v/ 

And hence Equations (cQ become 

ZP-Z F+ S Fco8h=i (<?) . 

5 P.aJ— 5^.0? + :? i^(aj (Jo« hr-yooa a) = J 

The quantity {x cosb — y cos a) is the lever arm of the 

force K 

J. 

Let y, j'l, etc., = the lever arms of the forces ; 

^= the stress on the upp^ bar in the section ; 
Jf 9: the stress on the lower bar in the section ; and 
^, = t^afccess on the intermediate ban : . i 

Then Equations (^ ^tQOme 

Fco8 a + J{co8a{ + F^ cos o^ = ") • » . 
^P. - J F + Fsin a + F^ sin^.., + F^sin^a^ = L . (/) 
SPjx: - Sr^ + F^ + F,q, + ^ A>=.0 J 

If the origin of moments is taken at tbe intersebtioA of 
upper chord and the intermediate bar, q and jj^ become zero ; ; 
and llie third of the preceding Equations becomes 

:? P.« --T F.aj + i^ J'. =0. 

Examples. 1. Required the inGUnation of the chords and of the interm«4b 
ate piece, so that the stress shaU be the same on aU of them at aU sections f o» 
a uniform load over the whole leng^ 

We have F = Fx = Ft and the Equations become 

EP— E F+ Fgina-^- Fsin ax + F»n(h = 
EPaj-EKa? +Fgx =0 • - 

which Equations have three unknown angles and one unknown stress ; and 
hence the solution is indeterminate. 

d. Let the data be as in the preceding problem, and the lower chord hc6i- 
sontal, or ai = degrees. 

eoaa + 1 • + Mt Os =: i 

. -.EP- JlV-hFsina + ^ Fsinot^O 
EP.«-EF.« -^ Fgi =0 

From the second and third of these Equations we huTie 



• 



^ 
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wbioh oombtned with the first of the preceding set of equations enables one to 
find a and Oi when ^i is known. Bat we cannot assume arbitraiy yalues for 
^1 (the depth of the truss) without affecting the value of a. There are there- 
fore reallj four unknown quantities, and it is necessary to establish another 
Equation depending upon the form of the truss to make the solution deter 
minate. • 

TbeJoad being, uniform, 

Let to = the load per foot of length ; 
Z, = the span ; and 
w = any variable distanee from the support ; 

Then E F= iwL; 

Z Vx = i tola ; and 

Hence the preceding Equation becomes 

At the middle, x = \ L and we have 

iina •{■ Mlnos = 

or, a r= — a, or 180*^ + <h 

8. The lower chord bcjing horizontal and uniformly loaded over its whole 
length, it is required to find the inclination of the upper chord and braces so 
that that they shall be equally strained.* 

Take the origin of co-ordinates at the point where the intermediate piece 
intersects the upper chord, and we have g = ^a = 0. 

The load being uniform, we have (tr, L and si being the same ae in the pre- 
ceding problem) 

EP= %im 
E Faj = ^ voLx 
EjR» = i«w« 

Also let 

Hx = the stress on the lower chord ; and 
h = the depth of the truss at the sedaon considered. 
. We also have 

F = i^'i, Fi = JI, and cm ai = 1 
Hence Equations (/) bocome 

F cos a + Hi + F eo9 at =z {^ 
wa? — i wX .+ Fain a + + Fama^ = 
\ wfi — \ wla + Hih = 

* Solution by 0. W. Mickle, class of 1870, XTtUv. of MUh. 
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By equating the vBlaes of F derived from the first and second of these Eqi^u^ 
tions, we have 



The third Equation above gives 



.(«) 



5i = t^l^-^ ^^ (^^ 

h 

In these Equations are three unknown quantities, A, a, and Osi and hence 
the solution is indeterminate unless another relation is established between 
them. This may be done by assnining a depth for the truss at the middle, and 
dividing the lower chord into a number of equal bays. 

liCt B = the depth of the truss at the middle ; 

2 iir = the number of bays in the lower chord; 

L = the length of the span ; 
{ = £ + 2 i\^ = the length of one bay ; 

a. = the angle which the n*th bay of the upper chord makes with the hori- 
zontal; and 
n = the number of the bay considered. 
Taking the origin of co-ordinates at the middle of the upper chord, we 
have 

k^B ^\ I tang a,_i + tang «,_ , + etc. . • .tang a^^nl 

I 



tang a, = ^ = 



D — Z \tang a»^i + tang a>,-« etc.l 

Eq. (5) becomes 

t fo (^- n + 1) « (JS - (i\r- n + 1) 



J2i = 



i> — ? rton^o.-! + tang€t,^% + etc. ...ton^o... | 



After substituting these values in Eq. (a), it may be reduced to the form . 

ineo8a + rdna= Q 

In which m, r and Q are known. 

This may be solved by the introduction of an auxiliary angle ^ (see ^' Chan- 
venet's Trigonometry," p. 90) by putting 

ktin^ = fni and 
keo8^ = r 



As a check upon the calculation, we have 

ton^ a = j , ^ 



fisd 
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half ion. 
We haye 

For n = 1, « = 130, A 

n = 2j x= 90, A 

n = 3, a; = 00, A 

n !t= 4j or = 80, A 



iA* LeeJTrzi; Xx=M0; 2>=3lO;tffidfii=: 



10. -Hi 

lv«90v, Xci 

61.08, ^1 
68.73^ JJ, 



860.00, 9 

16a77, 9 

52.85, 

88.2, 



108^26' a 
6V19r a 

30''25' a 
23' 35'. 



341' 26' 
313'5y 
329*33' 



A eoiutnifltioa of fbeae lesoltB shows a peenliar f onn of tnun. 

4. Beqnized the mcUiiatioii of the upper chord for a uniform load so that 
the stress on the upper chord shall be uniform throughout, for the panel «ja- 
tem, as shown in Fig. 105. 

The equal hays in the lower chord being known, and any depth ns O O -^h 
Fig. 105, being assumed, we may find «« which substituted in Ekj. ( /) (making 
q and ^s = o and a, = <?) gives three Equatioiis, from which we may find Fi 
a and F^ in terms of F, 

Having found a we may readily find HR, and proceed as before. 

The value of F may be found at the middle by an equation of moments. 

. Eesuming Eqs. (/), we proceed to fix more definitely the 
values of some of the quantities in 

X them. 

If the origin of co-ordinates be 
talien at the intersection of the upper 
chord and intermediate bar, we have 
found, page 227, that 

K A = the depth of the truss in the section which is consi- 
dered, and »! the inclination of the lower chord to the axis of «, 
as has thus far been assumed, we have the perpendicular from 
th^ origin of moments* to the lower chord. 

q^ = hcosa^ 

. It is not generally necessary to consider more than one force 
at the support, which call F. 

If the origin of co-ordinates be at the middle of the upper 
chord, and the span be Z, the arm of Fwill be i Z — a?, and 
the particular value of .SP.x can be determined when the con- 
ditions of the loading are completely known. 




* The origin of mom&nU may be at ady distance from the origin of oo-ordi- 
sates. 
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The&Bt of lq8.</) glvefii 

hence, the dgebrdic mira of the horizontal oonvponents of the 
stresses in the wpper chord and the interQnediate jyieoe equals 
the horizontal component of the stress in the lower chord taken 
vnth a contra/ry sign ; or, in other words, the resulta/nt horizon- 
tal compression at the joint in the wpp^ chord equals the rer 
sultaM horizontal tension in the lower chord. 

If we call tension phis and compression mimes, we shall 
generally have Fcos a positive, and i^ cos a^ negative ; and 
2*] cos a^ will be positive or negative, according as it is a tie or 
brace. If, however, we proceed as is common in mechanics, 
by considering all forces as positive and attributing the proper 
values to the signs, it will not be necessary to consider whether 
a strain is compressive or tensive, but only the direction in 
which it must act to produce the strain. 

The second of Eqs. {f) may be reduced to 

Fsim, a + F^ sin a, -{- F^ sin a, = 5' F — SP 
the second member of which is called the vebtical SHSAsmG 
STRESS ; hence the vertical shearing stress equals the sum of th<p 
vertical components of all the stresses in the section considered. 
By comparing Figs. 120 and 106, we see that if a^ in Fig. 
120 is positive, and less than 90° ; that in Fig. 106 for 
the corresponding part of tlie trass will be negative and less 
than 90^ ; or it may be considered positive and between 270 
and 360°. These conditions do not change the sign of cos a^ 
l)ut sin a^ will have contrary signs in the two cases. 

] 78. — i<oi¥ER CHORD HORizoNTAii. — ^lu this casc a^ = 
0° or 180°j and still considering the forces as vertical, and Eqs. 
(/) are directly applicable to this case. In order to make the 
notation conform with that previously used, let 

a = i = the angle which the upper chord makes with the 
horizontal. 
y 90^ — «^ = ^ = the angle which the intermediate piecfe 

makes with the vertical ; and 

tn = the stress in the horizontal lower chord ; 

Cf^ = the stress in the.upper chord ; 
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And, taking the origin of co-ordinates at a joint in the upper 
chord, Eqs. (/*) become 

tji = r X- iF.x) 

If the intermediate piece is a hracey ain will be positive ; 
but if it be a tie^ sin will be negative, and the Equation will 
become 

c^ Gosi — F^ mi = tn 
which is the same as Eq. (177) page 182. 

The second of Eqs. (^) is the same as Eq. (178) page 183, and 
the third of Eqs. (g) would give Eq. (176) when reduced for that 
case. 

Eqs. (g) are not only applicable to the parabolic arched truss 
as developed on pages 181 to 186, inclusive, but to all cases in 
which the lower chord is horizontal. They are applicable to 
roof trusses in which the angle i is constant. 

179. — UPPER cnoRD MOBizoNTAii. — Forthis case i = 

or ISO*', according as a? is positive to the right or left, and Eqa. 

(y ) become 

tn cos % -f F, sin = Cn ) 

tn8ini,-\'F,co80=V-%F [ {h) 

tn hcoai^ ^ Vx — £ Px ) 

The amount of the strains in this case is the same as iot a 
truss in the preceding case inverted. 

1 80. — BOTH CHORDS HORizoNTAi.. — ^For this casc i ^ 
and \ = 180°, or the reverse, and Eqs. {g) or (A) become 

c^ + F^9vn = t„ ) 

F^co8 = r-S P V (i) 

tnh =: Vx^XP.x) 

These Eqs. cover all cases of parallel chords whether of the 
pmid or triomgula/r systems. There being three equations, there 
may be three unknown quantities, and the solution be determi- 
nate ; but if there are ppiore than three unknown quantities, otliei 
relations must be established. 

From the first, of Eqs. (^) we have 

tn-Cn-F^8m0, {J) 
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Hence the diffierence in the stresses in the upper and lower 
chords in the same vertical, equals the horizontal component of 
the stress in the intermediate piece (brace or tie). 

The second shows that the vertical component of the stress 
in the brace equals the vertical shea/n/ng stress ; and if and 
Fare constant, iZ^will be greatest at the ends, and diminish as 
we pass from the end to the point where the shearing stress is 
zero. This result introduced into Eq. {]) shows that the strains 
in the upper and lower chords approach an equality as we pass 
from the end to the point where the vertical shearing stress is 
zero, at which point the strains will be the same in both 
chords. 

The depth being constant, the third of Eqs. (*) shows that the 
stress in the lower chord varies directly as the resultant moment 
of the external forces. 

Observing that the P'« in the second number are constant, 
and differentiating, we have 

the second member of which is the same as the second mem- 
ber of the second of Eqs. (i), hence the first differential coefficient 
of the moments of the a/pplied forces^ equals the vertical shea/r- 
vug stress J both taken in the same plane. 
If we consider the panel system, 

and let Jf = the number of bays in the lower chord ; 
p = the load at each joint ; 
n = the number of the bay considered, counting 
from the end ; 

I = the length of a bay ; and 
we have F = i (JT — 1) j> 

5 P = (71 - 1)^ 

.Fuc = J(Jr-l)i>/«Z 

JS Px = (fi — 1) J? X i nZ =s i (n — 1) n/pl 
Hence, Eqs. (i) become 

0^ + F^smO^ztn . 
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F^Mt e = i (If - 2 n + l)j> 
^„ A = i npl (JV — «) 

. _n{J! f-n) j>l 
• • '" 2A 

which ia eseentially the same as Eq. (136) ; and 

F^ = \{N'-2n + l)j[>seed 

which is the yalae of the second term of Eq. (128). 

181* — OASB OF A HORiasoNTAii BKAiiE Under the action of 
forces which are perpendicular to its axis. 

Betuming to Eqs. {e\ let F be the resultant of the internal 
forces at any point. Take the origin of co-ordinates at the 
centre of the section, and let x coincide with the axis of the 
beam (or, as before, be perpendicular to the direction of the 
applied forces, the forces being perpendicular to the beam). 

Then the first of Eqs. {e) shows that the algebraic sum of all 
the forces which act along the beam is zero, or, in other words, 
the sum of the compressions equals the sum of the tensions. 
This principle enables us to determine the position of the neutral 
axis. (See " Resistance of Materials.") 

The second of Eqs. {e) shows that the sum of the vertical forces 
in a beam equals the resultant vertical applied forces between 
the section and the end ; and the third shows that the sum of the 
moments of the internal foix^es equals the sum of the moments 
of the external forces. 

In order to determine ihe moments of F it is necessary to 
•know the la/w of action of the internal forces. 

One of the principal laws is : — ^the strains vary directly as 
their distance from the neutral axis, and gives rise to the 
expression 

in which li = the modulus of resistance to transverse strains ; 
/ 1^ the moment of inertia of the transverse section; 

and 
d^ = the distance from the neutral axis to the most 
remote fibre. ; w » 



Hehce, th6 tliird Equation becopies 

Ii4=S Vx-SFx 

Having found Sj the value of X F cosa may be found from 
the law just given. These cases are fully discussed in the 
Author's " Resistance of Materials." 

If the forces are applied in the direction of the length of the 
piece, we will have in Eqs. {d) 

# = 0; a = 
/9^90°; 5 = 90** 

and the Equations become 

SF = SF 

SFy = SFy 

which are applicable to a column under flexure, and other cases 
in wliich the applied and resisting forces are parallel, but not 
coincident. If they are coincident, y = 0, and we have only 
the first of the two Equations remaining, which is directly ap- 
plicable to the elongation and compjession of elastic pieces. 
(See " Eesistance of Materials.") 

^ . -i 

183. — ^PBRFBCfTi^T FLBxiBiiB ststbhis. — If a rope or 

other perfectly flexible continuous physical line be secured at 
two points, and loaded continuously between those points 
according to any law, the flexible string will assume some defi- 
nite curvilinear form. 

When the load is the weight of the string only, the curve is 
ealled a "catenary." Sup- 
pose that the string is fixed A 
at its extremities. Fig. 121, \ JT 
and is acted by any system 
of continuous forces. Take 
the origin of co-ordinates at 
any point as Gi x and s 
Jiorizontal, and y vertical. fig. 131. 

Let t = the tension at any point, as a ; 
to = the tension at the origin, O; 
Xo = the horizontal component of the tension at C\ 
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Y^ = the vertical component of the tension at the same 

point; 
Zc = the horizontal component of the tension at the same 

point in a direction perpendicular to xy ; and 
Xy Y and Z, the corresponding components of all the 

applied forces between G and a ; 
s = any portion of the arc, 2a C a. 

Then -3-, .^, — will be the cosines of the angles which 

the curve makes with the resuective co- 
ordinate axis ; and 

doR 
t -J— = the component of the tension in the direction of the 

axis of a;; and 

t -T-, t -T^ similar values for the axis & and y : and 
as as ^ ' 



Eqs. (p) become 

dab 
ds 



X+Xo + t^^O 



jr+ Yo^t^^O 



Z + Z^ + t^ = 



ds 
de 
ds 



(*) 



It may be shown that Eqs. {c) give no new relations for this 
case, and hence Eqs. Qc) are suflScient. These Eqs. are general, 
and would give the form of the curve of the string in all cases 
if the law of action of the forces were known, and the Equations 
conld be integrated. 

^ For instance, if a heavy string were placed in a stream of 
running water, the forces which act upon it would be gravity, 
or tlie weight of the string, which would be uniform along the 
length of the string (if the string were of uniform size), and the 
force of the running water, the law of action of which might 
not be known. If, however, we assume that the line joining 
the fixed points is the axis of x and is inclined at an angle of 45^ 
with the direction of action of the water, and y is vertical, and 
that the weight of the string is w per unit of length, and that 
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the pressure of the water is p on each unit of length of the 
projection of the string upon a plane which is perpendicular to 
the axis of the stream ; then Eqs.. (^) become 

c»«46°i> / COB (45^ 4- COB ""^-J) dB + Xo^t^ = 0^ 

+ «?« + Yo-^-iM = 

OB 

/B ^ Xdz d& 

COB (45^ + COB -^) dB + Zo + t-^^0 

which are the differential Equations of the curve. 



183. — FOBOKS IN A piiANB. — ^If the applied forces are all 
in a plane, let xy be tUat plane ; then Eqs. (k) become 

dx 
dB 



X + X, + ^ ^ = 



r+ Yo + t^ = 0' 

If the applied forces are normal to the arc, the tension on the 
string will be uniform throughout ; for there wiU be no tangen- 
tial component among them to change the tension. 

Let^ = the force applied at any unit of length of the arc, 
which may be constant, or vary es some function 
of the arc; and 

P = the total force applied to the arc. 
Then generally 




andX= / i>^(^); and 



838 



I Hence, Eqs. (I) become 
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^= /'*(!) 




as 






Dijfferentiatmg these, gives 

) I ■ ■ 

Squaring these, and adding, gives 

'•=;£[(-(l))'^(*(D)']4 , 

in which f is the radius of curvature at the point whose co-ordi*. 
nates are x and y* 

•Thi, becomes 

t 

that is, the radius of cv/rvature of a normtdly: pressed ctre 
varies inversely as the pressv/re per wrdt of length oib tJia/t 
point. But as in such cases the pressure is not uniform over 
the whole length of the unit, we should say that it is what the 
pressure would be per unit of length if the pressure were the 
same that it is at the point considered. 

If the aic i^ a circle, p is constant, and hence the pressure is 
constant. - * 

If now the origin of co-ordinates be taken at the lowest point 
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of the curve, or where it is horizontal^ we shall have Y^ = 0, 
and Eqs. {J) become 

dx 
da 



X+X + ^-^= 



da 

And if all the applied forces are vertical, X will be zero, and 
we hare 



da 
di 



X. + < ^ = 



(m) 



da 
From the first of Eqs. (m) we have 

t --j-=- Xo '=• to {to being the tension at the lowest point), 

that is, the horizontal component of the tension is constant anil 
equal to that at the lowest point. 
From the second we have 

08 

that is, the vertical component of the tension equals the total 
load between the lowest point and the point where the tension 
is considered. 

The form of the curve in these cases can readily be found 
when the law of the loading is known.. 

Example 1. If the load be nnifoxm over the horizontal^ as is pxaotioaUy 
the case with the suspension bridge, we have 

in which to is the load per unit of length ; itnd E^s. (m) become 

dx ... 

de • 

d8 
Biyidingthe latter by the former gives 

(to " «. 
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Ihtegratiiig once giTM 

^ '^ '1 = »» 4- (C = 0) 



to 

which is the Equation of ihe common parabola. As to enters into the para- 
meter only, we see that the tension at the lowest point will always be the same, 
for the same parameter and load per unit of length. In this respect the ten- 
sion at the lowest point is independent of the span. | 
We also have 



t = u-^=u ^^\^^y' =t.Ji+ "^ 



das da \ da? 



- = u^ 



= *»\/ 



to* a? 



which gives the tension at any point of the onrve. The tension at the lowest 
point may be found by snbstitating the co-ordinates of the other extremity. 

2. If the load is a continuous function of the length of the arc, we have 

and Eqs. (m) become 

dx 

d» 

. dy _ w 
dx to 

Differentiiiting gives 



^-^^s/TT^ 



da? 






(S 



The first integral 



V ^ 



f« = ir^.^.[|..\ATg] 



-r « 
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which rednoed giyes 



dx 
which integrated gives 



[/i:^-] 



M W 






1 84. — AN iNTERSB PROBiiEifi. — If the form of the curve is 

known, we may determine the law of loading so that it shall be 

a curve of equilibrium ; or, in other words, the resultant of all 

the forces at any point shall be in the direction of a tangent to 

the curve at that point. 

Suppose that the loading is of uniform density, and that the 
increase or decrease, as the case may be, of the pressures is 

caused by variations in the depth of the loading. 

Let d = the depth of the loading at the origin ; 

Z = the depth at any other point; and 

S = the weight per unit of volume of the loading. 

Then Eqs. (m) become 



'S='- 


'!='/» 


Dividing the latter by the former gives 


dx to 


DiflFerentiating gives 

d'y _ 9Z 
daf to 
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We know that 



O + S) 



8e<fi 

in which p is the radius of curvature, and i = the angle which 
the curve makes with the axis of x. 

Combining the preceding Equations gives 

~ 8 /) 
At the origin we have p = p^* i = 0; and Z = d. 

O.po O 

„ J secH 
*\ L -= a po 

P 

Example. 1. — ^If the cnzve is the arc of a oirde, p = po uid we haTe Z = 
d MO* i. 
At the extremity of the quadrant we have 

Hence it is practically impossible to make a foil-centred arch a curve of 
equilibrinm. 

2. Let the carve be a parabola. 
Then we have 

for the Equation of a parabola, and 

(g* + l^i 

and ,^.= [^7 

Hence, \fj substitution we find 

Z=id, 

or the depth of the loading must be constant, or uniformly distributed over the 
flgijtfi, as was assumed in the first example of the preceding article. 

THE END. 
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DEM0N8TBATI0NS OF A CERTAIN GRAPHICAL BOLUTIOK. 




ITcte referred to on Page 56. Suppose that several forces are applied at each 
of the angles of the triangle ABC, Fig. 122, and are in equilibrium among 
themselves. Let Pi, Pa and Ps, be the resultants 
respectively of the several forces which are 
applied at the several angles as shown. These 
forces being in equilibrium may be represented 
in magnitude and direction by the sides of a 
triangle, as a, b, o, Fig. 128. Since the forces 
at (7, Fig. 122, Including the strains in the 
bars, are in equilibrium, thej/ may be repre- 
sented in magnitude and direction by the three 
sides of a triangle. In Fig. 123, draw the lines 
1 and 2 from the extremities of Pi, parallel to 1 
and 2 in Fig. 122, and they will meet in some 
point as 0. The lines Oe and Oa will represent 
the strains in the sides 1 and 2 of Fig. 122. In a similar way, the forces 2, 
Ps and 3 being in equilibrium at P, Fig. 122, we draw from 0, Fig. 123, the 
line Ob, parallel to BA, and it must intersect eb at b, the 
intersection of the lines Ps and Pa. 

We thus see that the radial lines drawn from the point 
0, parallel to the sides of the triangle ABO, to the angles 
of the triangle which represent the external forces, repre- 
sent the strains upon those sides. The same is true when 
the forces are applied at the angles of a polygon and are 
in equilibrium. Hence we have this : 

Theorem. When theforeee which a/re aj^pUed at the fio.193. 

amgUs of a polygonal frame, a/re in equilibrium among them- 
teihes, we find the strains upon the severed pieces luhichform the contov/r of thi 
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frame^ by drawing radM lines from anp point paraUd to the Meeoffhe frame^ 

and cutting tho&e Unee by others which a/re paraUd 
to the directum of the forces, and whose successive 
intersections are on the successive radial lines. 
The distances so cut off on the radiai lines wiU 
represent the strain on the corresponding Unes of 
the polygon. 

If the applied foroefl are parallel to each 
other the constractioiL becomes very shnple, as 
shown in Fig. 40, page 65, and Fig. 41, page 
56. 
Fm. U4. This method may be applied to internal trosa- 

lag. 




APPEKDIX 11 

TABLE 
Of the Mechmdaal Propertiet of the Material of Construetton, 



Note. — ^The capitala affixed to the numbera in this table refer to t^e following authocitieB :— 



B. Barlow. Beport of the CommissionerB of 
the Navy, etc 

Be. Bev&n. 

Bn. Buchanan. 

Br. Belidor, Azoh. Hydr. 

Bra. Brand. 

C. Couch. 
CI. Clark. 

I>. Daroel, Annales for 1868. 

D. W. Daniell and Wheatstone. Beport on 
the stone for the Houses of Parliament. 

E. Eads. 

v. Fairbaim. 

G. Grant. 

H. Hodgldnson. Beport to the British Asso- 
oiatlon of Science, etc 

Ha. HaswelL Eng. and MedL Pocket-Book, 
1860. 

J. Journal of Franldin Institute, voL XIX., 
p. 451. 

E. Kirwan. 



Kl. Kirkeldy. 
La. Lam6. 

M. Mischembroeck. Introd. ad PhiL Nat. I. 
Ma. MaUet. 
Mi. Mitis. 
Mt. Mushet. 
Pa. Colonel Paeley. 
B. Boudelet. L'Art de B&tir, 17. 
Bo. Boebling. 

Be. Bennie. Fhila. Trans., etc. 
B. Styffe. On Iron and SteeL 
T. Thompson. 
Te. Telford. 

Tr. Tredgold. Essay on the Strength of Oast 
Iron. 
W. Watson. 
Wa. Major Wade. 
Wn. WiUduson. 

* Calculated from the experiment of Fair* 
bairn and Hodgkinson. 



Names of Matebiaia. 



Iron, 
C(ut Iron, 



Old Park 

Carron, No. 2-- 

Cold Blast.. 

Hot Blast... 
Garron, No. 8— 

Cold Blast.. 

Hot Blast... 



Metaus. 

Antimony- 
Cast 


281.25 


Bismuth 


613.87 


Brass- 
Cast 


525.00 


Wire-drawn 


634.00 


Copper — 

Cast 


537.93 


Sheet 


549.06 


Wire-drawn 


560.00 


In Bolts 








441.62 
440.87 

448.87 
441.00 



sr 



1-5 



^1 

H.9 



1,066 M. 
8,250 M. 

17,968 Be. 



19,072 
32,184 
61,228 
48,000 



16,683 H. 
18,505 H. 

14,200 H. 
17,776 H. 



I 



-I 



10,304 Be. 
29,272 Be. 



106,375 H. 
108,540 H. 

115,442 H. 
183.440 H. 



^A 



It 



48,240 T. 

88,556 H. 
87,503 H. 

85,980 F.* 
42,687 F.* 



11 



9,170,000 
14,230,000 



18,014,400 T. 

17,270,500 H.» 
16,085,000 H.* 

16,246,966 F. 
17,873,100 F. 
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TABLE.— ConUnued. 



or Xatbbxali. 



Iron, 
CeM Iran. 

DeTon, No. 8 — 

Gold Blast 

Hot Blast 

Boflery, No. 1 — 

Gold Blast 

Hot Blast 

Ooed Talon, No. 9— 

Gold Blast 

HotBlast 

Blslcar, No. 1— 

Gold Blast 

HUton, No. 1— 

HotBlast 

Halrldrk, No. 1— 

Gold Blast 

HotBlast 

Korris Stirling's Sd quaUtgr. 
OnnHetal — 



11 

ti 



465.08 

461.81 

448.48 
4?r.87 

484.06 
435.50 

489.87 

486.00 

444.66 
434.56 





American , 

Bztra Specimens . 

SteeL 



Hammered Gast Steel, from 

F. Krupp 

TempOTed 

Bessemer Steel, from Httgbo, 

marked 10 

Bessemer Steel, Eng. Mean of 

four Experiments 

Naylor, Yickers & Ga Chnzd 

ble Steel 

Hnshet*s Steel- 
Soft 

Cast Steel- 
Soft 

Not Hardened 

Mean Temper. 

Bazor Tempered 

Steel Wire Bope— 

Fine Wire 

Chrome Steel , 



Wroug/U Iron, 



English 

In Bars 

Hammered 

Russian 

Swedish, in bars , 

English, in wire 1-10 inch 

dlam 

Rnsstan, in wire ; diiun. 1-90 

tol-80indi 



695.00 



485.87 
488.70 
498.60 
486.95 



490.00 



89,107 H. 

17,466 H. 
18,434 H. 

18,856 H. 
16,676 H. 



95,764 



I 



145,485 H. 

93,866 H. 
86,897 H. 

81,770 H. 
88,789 H. 



•8 

Is 



f4 



91,000 I a 

188,000 r'*- 
171,000 S. 

140,945 S. 

88,415 F. 
108,099 F. 

98,616 F. 
190,000 



481.80 
475.50 
487.00 



150,000 

40,000 Ba 
195,000 



67,800 La. 
57,800 La. 

67,900 Bm. 

60,480 La. 

71,680 R. 

80,000 Te. 

96,000 Te. 
184,000 La. 
808,000 La. 



119,000 



14,000 
to 
84,000 Wa. 
45,970 Wa. 



86,888 H.* 
43,497 H.* 

87,508 H.* 
85,816 H.* 

88,453 F.* 
H.* 



84,587 F.* 

89,889 F.* 

88,693 F.* 
88,850 F.* 



\ 



885,568 F. 
885,668 F. 



196,944 Wa. 
891,986 Wa. 






93,907,700 H. 
98,478,660 H. 

15,381,900 H. 
13,730,600 H. 

14,818,600 F. 
14,399,500 F. 

18,961,000 F. 

11,974,600 F. 

14,008,660 F. 
13,394,490 F. 



97,648,000 Wa. 



81,869,000 8. 

81,819,000 8. 
89,816,000 F. 
80,978,000 F. 
81,901,000 F. 

89,000,000 



3 
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TABLE.— Continued. 



KAMB8 or Hatebialb. 



II 



Wrought Iron. 

EoUed in sheets and cat croes- 
wiae 

Cut lengthwise 

In ohaina, oval links, iron )4 
in.diam 

Wire, American 

Lake Bnperior and Iron 
Mountain Charcoal Bloom. 

Miasonri Iron, bar 

Tennessee, bar, 31 exp 

Salisbury, Ot, 40 exp 

Centre Co., Pa., 16 exp 

Phillipeburgh Wire, Fa. 

i 0.883 in., 18 exp... 
0.190 in., 5 exp.. . . 
0.156 in., 6 exp.... 

Mean of 188 rolled bars 

Mean of 167 plates length- 
wise 

Mean of 160 plates crosswise. 
Low Moor, bars 

Swedish, forged 

Hammered Bessemer Iron, 
from HOgbo 

Low Moor Boiled Paddled 
Iron 

BoUed Iron, Swedish, chai- 
ooal heath •. 






I 



§1 



Lead, cast, English. 
Lead Wire 



Bilver, standard. 

Tin, oast 

Zino 



8toh>— KAxnxtAL asd Asxz- 
nciAii. 

Grantte$. 



Aberdeen, bine 

Oomish 

Killincy, Teiy feLq;>atMo. 
Mount SoKxeU, gnuiite.. . 



717.46 
706.13 

644.60 

466.68 

489.36 



40,890 ML 
81,860 Mi. 

48,160 Br. 
78,600 Ha. 

90,000 Ha. 
47,909 J. 
63,099 J. 
68,009 J. 
68,400 J. 

84,186 J. 
78,888 J. 
89,163 J. 
67,567 £L 

60,787 Ki. 
46,171 Ki. 
60,864 Ki. 
{ 41,000 KL 
60,000 Ei. 




It 
II 



\(A 




66,000 8. 

1,834 Be. 
3,681m. 

40,903 M. 

6,833 M. 



164 
166 



Caithness Payement 

Dimdee Sandstone 

Derby Orit, a red, friable 

Sandstone 

Do. from another quany. . 

Ltme^onu, 

Umestone, Magneslan (Graf- 
Ion, mo 



166 



168 

148^ 
166 



} 



10,014 Be. 
6,866 Be. 
10,780 Wn. 
13,386 7. 



6,408 Bn. 
6,680 Be. 

8,143 Be. 
4,846 Be. 



17,000 B. 



83,880,000 8. 
81,976,000 8. 
37,000,000 a 



4,608,000 Tr. 
18,680,000 Tr. 



flame as W*U 
Iron. B. 
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Nubs of Matebtata 



JUmeatonei. 

Limeatone, compact. 

Umeetone, Kerry, lAsixmel 

Qnany, Bng 

Chalk 



Other StoM9, 

Alabaster (Oriental), white.. 

Karble, statuary 

Do. white Italian, reined . 
Do. black Gkdloway 

Portland Stone (Oolite) 

Valentia, Kerry (slate stone). 

Oreen Stone, from Giant^s 
Canaeway 

Quartz Bock, Holyhead 
(across lamination). 

Quartz Rock (parallel to lami- 
nation) 

Gravel 

Green Moor 



Artlificua 8t€m€, 



Brick, red 

Brick, pale red 

Brick, common 

Bire Brick, Stourbridge 

Brick, Stock 

Bricks set in cement (tnicks 
not very hard) 

Brick Masonry, common. . . . 



Cement, Portland, with sand. 

Cement, Portland, with no 
sand 



Cement, Portland. 

Chalk 

Glass, Plate 



Mortar 



TiMBKB. 



Acacia, English. 

Alder 

Apple Tree 

Bay Tree 

Bean, Tonquin. 

g^ (Ordinary.... 
***®"t Very Dry.... 



u 



102 



170 



165 
168 
161 



190 
168 



186.5 
190.81 



116.81 
168.81 

107 



47.87 
60.00 
49.56 
48.13 
65.81 
51 37 
67.51 
63.37 
45.12 



sr 






280 
800 



j 93 to 
1284 D. 

J437to 
"1711 



9,420 
60 



16,000 Be. 
Iil86 M. 
19,500 Be. 

j- 17,207 B. 

13,396 



15,784 B. 
17,850 B. 



II 



Bks 



7,718 Be. 

18,043 Wn. 
601 Be. 



8,216 Be. 
9,681 Re. 
9,219 Re. 
8,793 Re. 
10,948 Wn. 

17,220 Wn. 

26,600 Ma. 

14,000 Ma. 

2,010 Be. 



808 Re. 

662 Re. 

J 800to 

1 4,000 Ha. 

1,717 Re. 

2,177 Ha. 

521 CL 
j 600to 
1 800Ha. 



1,000 to 
6,900 G. 

884 Re. 



120 to 
240 Ha. 



6,859 H. 

8,683«. 
9,363 H. 
7,158 H. 



7,738 H. ) 
9,863 H.; 



pA 



h 
II 



1,062 
2,664 



} 



11,202 B. 



j- 12,166 B. 

20,886 B. 
9,886 B. 



"g 

SI 



26,200,000 T. 



1,162,000 B. 



1,644,800 B. 

2,601,600 B. 
1,863,600 B, 
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TABLE.— Continued. 



KAim or Matkbtata. 



TiMBXB* 



Blfcbf commoiii. •••••• 

Birch, American 

Box, dry 

Ballet Tree (Berbice).. 

Oaue 

Oedar, Canadian 

Crab Tree 

Deal— 

Christiana Ifiddle. 
Norway Spruce... 

English 

Bed 

White 

Elder 

Elm, seasoned 

Fir- 
New England 

Biga. 

Hazel 

Lance Wood 

Larch — 

Oreen 

Dry 

Lignnm-vitaB 

Mahogany, Spanish... 

Maple, Norway 

Oak- 



English.. 



Canadian 

Dantzic. 

Adriatic 

African Middle... 

Fear Tree 

Pine-r 

Pitch 

Red 

American Yellow. 



PhimTree.. 



Poplar 

Teak, dry.. 

Walnnt 

WUlow, dry. 






49.60 

40.60 
60.00 
64.81 
26.00 
66.81 
47.80 

48.63 
21.26 
S9.87 



43.48 
86.76 

84.66 

47.06 

68.76 
68.87 

82. 6S 
86.00 
76.25 
60.00 
49.66 



68.87 

64.60 

47.24 
62.06 
60.75 
41.81 

41.26 
41.06 
28.81 

49.06 

28.93 

41.06 
41.93 
24.87 



ll 



16,000 
'i9,'891B.* 



6,800 Be. 
11,400 Be. 



12,400 

17,600 

7,000 



10,230 
ia489M. 



j 11,649 to 
■j 12,857 B. 

18,000 Be. 

24,696 

10,220 B. 
8,900 B. 
11,800 M. 
16,600 
10,684 

17,300 M. 

10,263 
12,780 



7,818 M. 

11,851 

7,200 

15,C00 B. 
8,180 M. 
14,000 Be. 



II 

hi 



j 4,688 H.) 
1 6,402 H. S 
11,668 H. 
10,299 H. 



6,674 H. 
6,499 H. 



6,748 H. 

6,741 H. 

8,467 H. 

10,881 H. 



6,748 to 
6,686 H. 



8,201 H. 
6,668 H. 

8,196 H. 



(4,684 to 

' 9,509 H. 

4,231 to 

' 9,609 H. 



7,618 H. 



6,376 H. 

6,445 H. 
J 3,657 to 
■ 9,867 H. 

8,107 to 

' 5,124 H. 

12,101 H. 

6,686 H. 



II 



IP) 



10,920 B. 
9,624 B. 

16,686 B. 



9,864 B. 



6,078 B. 

6,612 B. 
6,648 B. 
7,672 B. 



4,992 B. 
6,891 B. 



10,032 B. 

10,696 B. 

8,742 B. 

o,29o B. 
13,566 B. 



9,792 

8,946 B. 



14,722 B. 




1,662,400 B. 
1,267,600 B. 

3,610,600 B. 



1,673,000 B. 



699,840 6. 

2,191,300 B, 
1,828,800 
869,600 B. 



897,600 R 
1,062,800 B. 



1,451,300 B. 

2,148,800 B. 

1,191,200 B. 

974,400 B. 

3,283,200 b. 



1,326,600 B. 
1,840,000 B. 
1,600,000 Tr. 



3,414.400 B. 
806,000 



iff 



A*1Q7A5571*1b 




b89078667196a 



.^idt 






1 



) ^' 




^ 



5P 



